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I. INTRODUCTION AND SUMMARY

This report  contains the results of a stud y performed under
Contract No. F336 i5 - 7 6 - C- 5 3 05  pertaining to magnetic par t ic le  inspec tion
specif icat ions . The objective of the work was to plan a p r o g r a m  of r e s e a rc h
to develop (1) methods for  predict ing flux density requi rements  in inspec-

tions of simple and complex parts , and (2)  ins trumentat ion fo r  me a s u r i n g
flux densities . It is expected that the resul ts  of the fol low-on program will
be incorporated in improved specifications for  magnetic part icle inspect ion .

The principal problem of concern here is that of determining ranges
of values of magnetic flux densities within which magnetic part icle flaw
detection is assured , as a function of the many variables encountered in
practical  inspection problems. As is noted in the text of this report  there
is ample evidence such magnetization requirements are poorl y understood
at present,  and that this often leads to a fai lure to detect flaws that  should
not be missed.

There are two reasons why this situation exists , the f i r s t  being that
the prope r level of magnetization appears to be a complicated function of
several test parameters.  It is well known , for  example , that the gross
geometry of the specimen plays an important role , as does the permeabi l i ty
of the material and the method of magnetization. Other fac to r s , such as
the type of flaw , its geometrical shape , loca t ion , and the possible existence
of associated strain fields are also thought to influence flux density require-
ments.

The second reason that the magnet izat ion problem still exis ts , a f te r
several years of general use of the magnetic part icle method , is that there
has not yet been a serious attempt to anal yze all of the f a c t o r s  that con-
tribute to the formation of an indication . Several experimental studies
have been conducted in which one or more parameters have leen varied ,
and these have been useful in identif y ing cer ta in  important f ac to r s , such
as the mobility of particles in suspension. In recent years there have also
been a few attempts to use theoretical models to stud y parts of the problem ,
for  example , the influence of flaw geometry on the flaw leakage f ie ld .  St i l l ,
there has been no coherent e f fo r t  to assess  the relative si gnif icance  of all
such factors , and to use this information to develop quantitative guidel ines
for  the inspection process.

In the present  program one of our aims has been to plan a rese arch
program leading to a quantitative , predictive model of the inspection process .
One of the requirements we have set in s t ruc tur ing  such a p rogram is that
it include tests of significance , as described above , so that  the f i n a l  model
will include onl y those test parameters  that a re  impor tan t , and wi l l excl ud e
fac to r s  that do not play a s ignif icant  role in flaw detection . In th is  way
the model , and the guidelines it will generate , will contain as few pa ramete r s
as possible , thus simplif y ing the determinat ion of flux densi ty  r equ i r emen t s .

The second objective of our study was to plan a p rogram for  the
development of a flux density sensor , an in s t rumen t  that an i n s p e c t o r  would
use in a pre- inspect ion measurement  to determine tha t  a spec imen  is
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properly magnetized. This is also an important aspect of the eventual
solution of the magnetization problem because , with the complicated
specimen shapes encountered in practice , there is virtually no wa y, except
by actual measurement, to determine flux densities at all cri t ical  points
on a specimen.

Our approach to the development of a research plan consisted of
three  tasks. Firs t  we used the computerized bibliographic services of
the Nondestructive Testing Information Analysis Center (NTIAC) to search
the literature on magnetic part icle test ing and related top ics. Once this
w a s  done , selected articles were reviewed , and theoretical and experi-
mental methods that might prove useful in the follow-on program were
identified. We then undertook a critical examination of such methods and
attempted to assess their potential usefulness  in real izing the long-range
objectives of the follow-on program. Once this  anal ys is  was completed
we had enough information in hand to s t ruc tu re  a recommended sequence
of research tasks that would make use of available methods insofar as is
possible, developing improvements as needed , in reac h in g th e f inal
objectives.

A summary of our findings regarding availabl e me th ods , and a
list of recommended research tasks is given in Table 1. Here we show ,
as the four column headings, the major problem areas where more
research is needed. The first three , those pertaining to detectabil i ty,
and particle diffusion and leakage models, comprise the elements of the
predictive model . The last column has to do with the development of
flux density instrumentation.

In the first row on this chart we lis t the objectives of each major
research task, and in the second row we summarize the results of our —

l i terature survey and methods study. The last two rows contain a list of
the specific research tasks that comprise our recommended research
plan. A full description of each of these tasks , and how they should be
sequenced , is given in Section III of this report.

As a general rule , the theoretical program is structured so as to
first find answers to the question of accuracy requirements for the pre-
dictive model . This is done to provide quantitative cri teria for judging
the adequacy of existing theoretical  models , thus determining where
improvements are needed. Actual tests of existing theoretical  models
occur in the next phase , through comparisons of predictions with experi-
mental results. The experiments we have in mind here are basic , in the
sense that they should be designed to test the various assumptions and
approximations involved in the theoretical models. The intent is to
determine to what extent the simpler theories are useful , and to identify
areas where improvement is needed . As this is being done , the relative
significance of factors  such as flaw geometry,  permeability , etc . should
become apparent , thus leading to a simplification of the combined pre-
dictive model by the elimination of parameters that do not s ign i f ican t l y
influence the prediction of detectabili ty.2
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The next  phase  of the p r o g r a m  involves  the deve lopment  of im-
proved models , as needed , and further comparisons with experiment.
Once satisfactory agreement between theory and experiment has been
achieved , the various elements of the model will be combined and applied
to the generation of data on recommended flux densities as a function of
those test parameters that are found to be significant.

In the sensor development phase of the program the general
approach is s imi la r. H e r e , howeve r , because  an exis t ing technique in-
vo lv ing  the use of Hall  probes  to measure  tangent ia l  f ields  at the su r f ace
may be all that is needed , init ial  emphas i s  is placed on t e s t ing  the ex i s t ing
techni que with commercia l ly avai lable  s enso r s .

Al though it is thought  that  the recommended plan def ined in
Section III is , in the long run , the most  e f f i c i e n t  way to proceed , the ad-
vantages  and d isadvantages  of a l t e rna te  approaches are  also d i scussed .

Finall y,  at the end of Section III , we also d iscuss  a l te rna te  ways
that the recommended plan mig ht be implemented. The most  e f f i c i en t
w a y ,  in t e rms  of both funding and calendar  time requ i remen t s, would be
by means of a sing le con t r ac t  for  the en t i r e  p rogram.  If th is  is not
feas ib le , one might cons ide r  incrementa l  support , the f i r s t  i n c r e m e n t
being that  par t  of the p rogram where  accu racy  r equ i r emen t s  a re  def ined
and exis t ing method s evaluated by c omparison with exper iment .  Still
ano ther  approach would be to simply apply exis t ing methods to the genera-
tion of in ter im flux dens i ty  guidel ines , and then proceed with the p r o g r am
as recommended.

However , r e g a r d l e s s  of how the fo l low-on  program is imp lemented ,
we th ink it is essen t ia l  that the in te rplay between theory  and exper iment ,
as out l ined in the recommended  plan , be p rese rved .  Our review of the
l i t e r a t u r e  has  revea led  that  there  have been several  purely empir ica l
s tudies , fewe r theore t i ca l  inves t iga t ions , and no comprehensive investi-
gat ion involving both theory  and exper iment .  This is , we think , the
p r inc ipal reason that  a s c i e n t i f i c  basis  for  magnetic  p a r t i c l e  inspect ion is
sti l l  l ack ing .

4
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I

II. TECHNICAL DISCUSSION

A. Background

1. Inspection Methods

The magnetic particle inspection method is a versati le
technique that can be applied in many ways to the detection of flaws near
the surface  in ferromagnet ic  materials.  Because several reviews of
magnetic part ic le  methodology are readil y available in the open li tera ture ’~~ 

)
,

we will , in this Section , give onl y a brief review of the basic principle and
techniques.

At the top of Figure 1 we illustrate what happens in
the vicinity of a discontinuity, in th is case a crack , in the surface of a
magnetized specimen surrounded by air .  The existence of f ree  (uncorn -
pensated) poles on the surface of the discontinuity gives rise to a leakage
of the lines of induction , here represented by ar rows , into the air
immedia tely above the flaw. If magnetic particles are present  in this -;
inhomogeneous leakage field , they will be a t t racted toward reg ion s of
higher field strength and thus will tend to accumulate around the c rack .
if the field is strong enough , and if oth er condi ti ons a re favorable (e . g.
the particles are f ree  to migrate to the crack) ,  the density of part icles  in
the vicinit y of the crack will , in a short time , become much greater  than
the densit y in a f law-f ree  region , thus creating a visible indication of the
presence of a flaw. -

Unless the material has a ve ry high retentivi ty and has
alread y been magnetized by some means , it is necessary to apply the
particles while the specimen is subjected to a m agneti zing f iel d in order
to achieve adequate leakage fields. When this is done the test method is
said to be continuous; when particles are applied after  the magnet iz ing
f iel d has been removed , the method is called residual .

Some of the more commonly used methods of magneti-
zation are also i l lustrated in Figure 1. On the left side , Fi gures 1(a)
and 1(b), we show two methods of cu r r en t  magnet izat ion , while in Figure
1(c) and 1(d) we i l lustrate the yoke and coil methods of magnet iza t ion . One
method not i l lustrated here employs a central  current  conductor  running
through a hollow specimen , such as a tube . The field induced in the
specimen in this case is much like that shown in Figure 1(a), i . e . the
line s of induction form c i rcular  loops around the c i rcumference  of the
piece. In all cases the magnet izing cur ren t  may be AC , DC or ha l f -
wave rect i f ied.

Although , when inspect ing specimens of complex shape ,
the choice of a method of magnet iza t ion  is often dicta ted by what  is
feasible , it is important that the method used produce , as n ea rl y as
possible , a direction of magnetization perpendicular  to the major dimen-
sion of the f law for which the inspection is desi gned. This is because
the leakage f ield is maximized under such conditions and the probabi l i ty
of obtaining a v i s ib le  indica t ibn  is then optimized . Thus when inspect ing 
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for longitudinal cracks in a cylindrical specimen , one would choose the
current  method , as illustrated in Figure 1(a); for  t ransverse  flaws the
coil method is better as shown in Figure 1(d).

There are both wet and dry method s of part icle appli-
cation. With the dry method particles are applied in the form of a
powder , which is sprinkled on the piece while it is magnetized.  Excess
powder is then blown off with a light stream of air before the source of
magnetization is turned off . With the wet method the particles are
suspended in a liquid which is applied to the specimen. When the surface
is covered the magnetizing field is applied , and particles are drawn out
of suspension and tend to accumulate at discontinuities.

The types of particles one may use comprise another
variation of the basic technique. Usually, when inspecting for small flaws
like fatigue cracks , it is preferable to use the wet method with f luorescent
particles . The indications are then viewed under ul traviolet  i l lumination

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ or black) a r e used .

2. The Magnetization Problem

In designing a magnetic particle test , th e inspector
must choose a combination of the various options described above. There
are , fortunatel y,  several excellent sumrnaries(

~~~5) on meth odolog y to aid
him in reaching informed decisions on most questions. On the other hand
there is one cr i t ica l  area in which the existing l i te ra ture  is of l i t t le  hel p.
This area concerns  the specification of prope r levels of magnet izat ion
and methods for  determining that a specified magneti zation is achieved .
The reason that this question is critical is that if the magnetization is too
low , the leakage field will not be strong enough to form a detectable indi-
cation. If , on the other hand , the field is too strong,  indications will
form at local saturations and minor perturbations due to surface strains ,
surface roug hness , etc . , thus giving false indications.

The onl y generally accepted rule for  achieving proper
magnetization is an empirical formula developed several years  ago for  the
inspection of long narrow pieces , such as rod s , by the coil magne tization
method . (1 -5)  Even this rule , which give s the recommended number of
ampere- turns  as a function of the specimen dimensions , is , howeve r ,
subject to question , because it does not allow for  the fact  that permeabil i -
ties , and thus flux densit ies , vary f rom  one material to another in a
given magnet iz ing field. When the extra factor of complex specimen
geometry is added , the empirical rule is of little use except , perhaps , as
a s tar t ing  point for  experimentation with a g iven speci men .

As a result  of this situation , there a re  numerous
empirically derived rules and procedures  for  de t e rmin ing  how a specimen
should be magnetized. Some of these results  are  published in the open
l i te ra ture , but many o thers  exist onl y as guidel ines  used by var ious  o r g a n —
izat ions concerned with magnetic par t ic le  tes t ing .

7



The recent work of Kifer and Semenovskaya~
6
~ serves

as an example . From their experiments with ar t i f icial  flaws in several
steels with widel y varying permeabilities, they derived empi rical relation-
ships for  the recommended applied field s trength as a function of flaw
size and the coercive force  of the material . However , th ey were  unable
to develop any well-defined relationship for  natural flaws , even for
similar materials.

In another study, Gregory  et al. (7) var ied several
parameters , including specimen geometry ,  and concluded that indust ry-
accepted inspection standards for  required field s trength s can be inade-
quate in cer ta in re gion s of complex-shaped pieces. Th ey also ques t ioned
magne t ic par ticle equipment suppliers  and u sers  in th e a i r c ra f t compon en t
in dus t ry  about magnetization standards , and f ound con siderable var iance
in the guidelines and procedures used at d i f fe ren t  installations.

Finally, in an evaluation program conducted by the Air
Force Materials  Laboratory (8) , 24 parts  with widely vary ing geometry ,
mos t containing detectable flaws , were sent to eleven d i f fe ren t  organiza-
tions for  magnetic particle inspections by whatever method each organi-
zation considered best. Th e result s varied widely,  wi th onl y one group
finding more than 90% of the f laws,  wh ile mos t of the other part icipants
found fewer than half. It was concluded that , although most  groups could
substantiall y improve their perf ormance  by properl y appl y in g s t a t e -o f -
the-ar t  knowled ge of test principle s , existing methods for  determining
magnetization requirements  are inadequate. .

From studies such as those just  descr ibed,  it is c lear
that the most serious obstacle to improved performance  in magnet ic
particle inspection is the absence of well-founded specifications on
magne tization requirements.  It is also clear that  the spec i f i ca t ions
n eeded cannot be as simple as the one coil magneti zation formula  that
present ly exists .  Thus , one should expect that improved guide l ines  wil l
take into account , to the extent n e c e s s a r y ,  flaw type and size , the
magnetic  character is t ics  of the material , and other test  pa ramete r s  such
as the method of magnet izat ion and method of par t ic le  app l ica t ion .

B. Anal ysis  of th e Magne t i za t ion Proble m

The objective of the present  program was to develop a re-
searc h plan leading to the improved magnetizat ion guide l ines  descr ibed
above. Actuall y,  there  are two pa r t s  t o th e p roblem , as we no ted e a r l ie r .
The fol low-on research  program must f i r s t  provide a basis for  d e t e r m i n i n g
what the magneti zation or n e a r - s u r f a c e  flux dens i t y should be in  a spec i f i c
test , and , in addition , the research program should lead to a m e a s u r em e n t
technique that an inspector  can use to check the level of magne t i za t ion  as a
p re - inspec t ion  step. According l y,  the specif ic  aims of the p resen t  e f f o r t
were  to plan research leading to (1) a predict ive model that  can be used to
de te rmine  acceptable ranges  of f lux densi t ies  under  var ious  tes t  c o n d i t i o n s ,
and (2) i n s t r u m e n t a t i o n  for measur ing  f lux dens i t i e s.
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Regardless  of how one chooses to approach the development
of a predictive model, it is clear that there are three lasic problems
that must be addressed . The f i r s t  of these is the defini t ion of a de tec table
indication in terms of some measurable physical  charac te r i s t i c  such as
the total number of accumulated par t ic les , the dimensions  of the indica t ion ,
or , perhaps the d i f ference  between the particle densit y at a flaw and the
density in a f l aw- f ree  region . The reason that this is needed is because
the prediction of detectability is the ultimate purpose of the model , and a
mathematical model can do no more than produc e data on the d i s t r ibu t ion
of accumulated particles.  One must , therefore , have some quant i ta t ive
cri teria by which to jud ge whether the predicted distr ibution data indicate
detectabili ty.

Th e second e ssential element of the model is th e abi li t y to
predict accumulated particle distributions in a given inhomogeneous
magnetic field. In this case there are several requirements  that must  he
met. Fi rs t , because most in spec tion p r ocedures in volve t ime dependen t
magnetization “ shots ’ , eithe r AC or pulsed DC , it is essent ial tha t th e
predictive model provide an adequate treatment of the time dependent
diffusion of part icles in suc h f ields . In addi t ion , because exper i ence
indicate s that the particle agg lomeration process  is quite d i f f e r en t  in the
wet and dry methods of application , and appears  to de pend on the sh ape ,
magnetic character is t ics  and size distr ibution of the par t ic les (4) , t hese
factors  must  also be treated in the predictive model.  Finall y, because
ana ly ses (9 ) of a similar process , namel y ,  the f o r m ation of powder
patterns in magnetic domain observations , indicate that in te rpar t i c le
interactions playan  important role in the formation of an indication , pre-
dictions of the effects  of such in teract ions  should form a par t  of the
particle density model .

It is , of course , impossible to t reat  all of these va r i ab le s
exac tl y in the development of a model . Fortunatel y this is not n e c e s s a r y
because the onl y purpose of the model is to dete rmine whether  a detectable
indication is formed in a given field. Thu s , approximate models of H
these various effects  are per fec tl yacceptable as long as the end resul t
y ields cons is tentl y correc t  predictions of detectabi l i ty  in fie lds typ ical of
those encountered in magneti c part icle flaw detect ion .

The third and f inal  element of the p r e d i c t i v e  model c o n c e r n s
the determination of flux leakage fields associa ted with  f l aws .  Here  a ga i n
there are a number of f ac to r s  to be considered . There  is , for  examp le ,
ample empirical  evidence that indicates that  the i nt e n s i t y  of the leakage
field depends strong ly on the magnet izat ion c h a r a c t e r i s t i c s  of the spec imen
as well as on the magni tude of the unpe r tu rbed  n e a r - s u r f a c e  f lux  d e n s i t y
in the specimen (6 ’ 10i ~ It is also evident that the geomet r i ca l  c h a r a c t e r -
i s t ics  of the f law (si ze , shape and location ) pla y a ro le , and th at  th e
condit ion of the mater ia l  in the v ic in i t y of the f law (e. g. e x i s t e n c e  of
st ra ins , surface roug h ness , e tc)  will have some i n f l u e n c e  on t h e  leakage
fie ld .  Finall y,  in add ition to providing an adequate t r e a t m e n t  of the leakage
associated wi th  a f law , the predic t ive  model must  accoun t  for  s t r a y  f ie lds ,
such as those resu l t ing  f rom edges or  other  g e o m e t r i c a l  d i s c o n t i n u i t i e s  in
th e specimen , because such f i e ld s  a lSo p r ud i i c  e i n d i c a t i o n s  tha t  in t e  n t ’  re
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Turning now to the question of instrumentation for measur ing
the unperturbed flux densi ty ,  there are , again , several requirements that
must be satisfied. Because the sensor is to be used under shop conditions
to measure flux densities in complex geometries , it must be easil y
portable , simple to operate , and capable of accurate positioning and
measurement in “tight” configurations , such as near corners and in slots
or notche s in a specimen. Also , because the flux leakage intensi ty is
greatest  when the flux lines are perpendicular to the major dimension
of a f law , it is important that the sensor be capable of determining the
direction , as well as the intensi ty ,  of the flux density on each segment of
the surface to be inspected.

Our objective in the present project was, therefore , to plan
a research program leading to the development of a predictive model and
instrumentation that satisf y the requirements listed above . This was
accomplished in three steps. First we used the facilities of the Nonde-
structive Testing Information Analysis Center (NTIAC) to survey the
l i terature on magnetic particle testing , magnetic flux density predictions
and measurements, and related top ics. Next we conducted a cri t ical  review
of methods identified through this search to dete imine which , if any,  of
the methods or devices presently available might be applicable to the
magnetization problem . As an important part of this methods evaluation
task , we also examined proposed methods , or methods not yet adequatel y
tested , and assessed the likelihood that such methods would , with
further development, prove useful in realizing the long-range objections
of the follow-on program. Once this was done , we were able to formulate
a systematic research plan that makes full use of available techniques ,
and is aimed at developing improved methods , as needed , for predicting
magnetization requirements and measuring flux densities in pieces to be
inspected. The results of this ef for t  are  reported in the next three
Sections of this report.

C. Resul ts  of the Li tera ture  Survey

A s was indi ca ted above , the computerized bibl iographic
services of NTIAC were used as our p r imary  source of re fe rence  ma te r i al .
In addition to the NTIAC file on nondestructive test ing , we al so sea r ched
the Defense Documentation Center  TR (Technical  Repor t )  f i le , the
National Technical Information Service file , and , through the commercial
DIALOG service , compilations of mater ial  f rom Ph ys ics  Abs t rac t s  and -

‘

Engineering Index. From the NTIAC survey some 1600 abs t rac ts  were
identified and reviewed , and about 120 ar t icles were chosen for  c loser
examination. Other sources included a survey of the magnetic  par t ic le
testing l i te ra ture  published prior to 1965 , seve ral textbooks on magnet ic
field calculations conference proceedings on magnetic field calculat ions in
electrical machinery and part icle accelerator  design , and r e fe rences
cited in the a r t ic les  chosen for  review.

The most useful ar t ic les  located by this survey ar c referenced
at appropriate points in Chapters II and III of this report .  There  are ,
however , a few review a r t i c l e s  and one book on magnetic particle testing

-~ 10
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that are representative of the present state of development of the subject ,
and therefore deserve special note . These are the following:

R . C. M cMaster , “Nonde struc tive Testing Handbook” ,
Ronald Press , New York (1959).

H. J. Bezer , “Magnetic Methods of Non-Destruct ive
Testing ” , British J. of N. D. T. , pp. 85-93 , Sept. 1964
and pp. 109- 122 , Dec . 1964 .

American Society for  Metals , “Metals Handbook , Vol . II” ,
pp. 44-74 , 1976.

C. E . Betz , “Principles of Magnetic Particle Testing ’ ,
Magnaflux Corp. , Chicago (1967).

Also of general interest is the following article reporting on a Soviet
program to develop new empirical guidelines for magnetic part icle
inspection:

I. I. Kifer and I. B. Semenovskaya , “New Magnetic-
Particle Methods of Inspection” , Soy. J. NDT 8 ,
161-164 (1973.

Regarding the specific problems of defining detectability and
developing a suitable particle diffusion model , we found little useful
information in the l i terature.  On the detectabil i ty problem , in part icular ,
we found no data that would enable one to define a detectable indication in
terms of some quantitative characterist ic  of the accumulated particle
distribution. The situation regarding particle diffusion and agg lomeration
is somewhat better , in that we found a few art icles on approximate
methods of anal ysis , (9~ 1L 12) and other material dealing with basic
diffusion theory, ( l3)  which should prove useful in developing an improved
model .

As one might expect , there is an abundance of l i terature on
methods that might be used to predict the magnetic field distributions
associated with flaws in magnetized specimens. The techni ques employ ed
range from the very simple , approximate mathematical model proposed
by Zatsepin and Shcherbinin , ( 1 ’ k)  and used extensively by workers in the
Soviet Union , to elaborate computer programs developed mostl y in this
country and in Eng land for magnet desi gn applications.

Because of the grea t number of mathematical technique s , and
combinations thereof , that one might use in developing a model suitable
for the present  purpose , we have not attelnpted to compile a complete ,
detailed l is t  of all possible approaches. In stead , our review of the litera-
ture on this subject consists of a description of three very  gene ra l classes
of methods, along with examples f rom the l i terature , and comments on the
applicability of each class of methods to the prediction of flaw leakage
fields. In this review , which is presented in Appendix A , all potentiall y
useful methods are treated as belong ing to one of the following groups:

11 
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Classical  Methods. This group comprises separation of
variables  techni ques , image methods , and complex potential methods ,
i . e. , all of the traditional approaches to obtaining exact mathematical
so lu t ions  to problems in potential theory.

Approximate Methods. Under  this heading we include mathe-
,n at ical  models that involve simplif y ing assumptions or approximations
rega rd ing  the mathemat ical  p roper t i e s  of the magnetic field dis t r ibut ion .
The su r face  charge  model of Zatsep in and Shcherbinin is a leading example
of such methods.

N u m e r i c a l  Methods.  This class of methods includes corn-
puter  p rograms  for  numer ica l l y solving the magnetic field problem by
fin i t e  c lement  or i t e ra t ive  techni ques.

D . Methods Evaluat ion

In this Section we describe the results of a crit ical  review of
m e t h o d s  ident i f ied in the l i t e ra tu re  sur vey. Our purpose here was to
de te rmine  to what extent  available methods might be used and to define
prob lems  on which more research  is needed.

1. Detec tabi l i ty

In our survey of the magnetic particle testing l i tera ture
we were  unable to find any generall y accepted , quantita tive c r i t e r i a  that
define a detectable  indicat ion in terms of par t ic le  densi ty or dimensions - -

of the indica tion . Since the final  mathematical model of the inspection
process  will predic t  part icle  density dis t r ibut ions for  the purpose of
de termining  de tec tab i l i ty ,  it is essential that quantitative detectabi l i ty
c r i t e r i a  be defined.

One approach to the solution of this proble m might be
to s imp l y accept cer ta in  visibil i t y standards and per form magnet ic  par t ic le
exper iments  to relate these standards to the ph ysical character is t ics
(pa r t i c l e  densit y and dimensions)  of a magnetic par t ic le  indicat ion . Alter-
na t ive l y one mig ht measure  the bri ghtness of a f luorescent  part icle (or
some quant i t y related to optical contras t in the case of colored par t ic les)
and use this informat ion  to calculate the charac te r i s t i cs  of an indication
required for  de tec tabi l i ty .  In ei ther case , it will be necessary  to check
the resul ts  b y per forming  inspection tests on real f laws.

~l . P a r t i c l e  Di f fus ion

The onl y available mathematical  model per ta in ing  to
magne t i c  p a r t i c l e  d e n s i t y  in an inhomogeneous  magnet ic  field is that
proposed by K i t t e l ( 1  l )  in connec t ion  wi t h the theory  of powder pa t t e rns
for  m a g n e t i c  domain s tudies .  This model is ~~sed on the ass umption
that  the p a r t i c l e s  a re  in t he rma l  e q u i l i b r i u m  with the medium in which
t h e y  ar e  suspended . There  a re  actual l y two vers ions  of the t heo ry ,  de-
pending  on whethe r the p a r t i c l e s  a re  co ns idered  per manent  di poles of
m a g n e t i c  n iurnent , m0, or p e r m e a b l e ,  but  u n s a t u r a t e d , bodies of sus-
ceptibi t i t y  % .  The r e s u l t i n g  express ions  for  the dens i t y  at a point where
t h e  f i e l d  s t r e n g t h  is II a r e
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n ftj) — 
sinh (m H/ k T )

~~(O) — moHPk T

and

n(H ) — ~ H 2 ,4 ,/2k T
n ( 0 )  

e

where ,ifr ~ is the particle volume and ti (0) is the density in the al~ence of
a field.

From these results it is evident the densi ty  depends
very strongly on the magnetic state of the particles because in one case the
density varies exponentially with H while in the other case there  is an
exponential dependence on H2. Since information on the susceptibility and
size distribution of magnetic particles is considered p ropr ie ta ry  by the
suppliers of such particles, it will be necessary  to measure these
charac ter i s t ics  in the follow-on program to define the field strength con-
ditions that determine which of the two equilibrium solutions is applicable .

While the use of an equilibriur ~ theory has been jus t i f ied
for  the par t ic le  sizes used in domain research~ 12’ , the fact  that l a rge r
particles are used in magnetic inspection tends to cast some doubt on its
validity as a predictive model in the present context. To in ves t i ga te th is
ques t ion we used Stokes ’ formula for  a sphere  falling in a vi sco us fluid to
calculate the kinetic energies of part icles falling in air  and in a l iquid ( th e
viscosi ty of water was used).  These energ ies were compared with the
energy of thermal motion (3/2  kT) at room temperature to determine
whether the particles can reach thermal equilibrium in the gravi tat ional
fie ld alone. The resul ts  are listed below -

Particle Diameter
in IJ.m Energy of Free Fall/Thermal Energy

Air Wa te r
2 1.96 7 .8  x 10-4
4 25 1 0. 10

10 l. 5 x 10 5  61 . 7
20 2 x i07 7 . 9  x

The ene r g y ra t ios  c lea rl y show that un less  the par t i c les
a re  ex t remel y small , perhap s less  th an 1 ~i.m in diamete r , thermal equl-
l ib r ium is not r eal ized in air . In fact , because the mean d i a m e t e r  of
par t i c l e s  used in the d r y  inspection process  is probabl y g rea te r tha t ’, a few

mic r ons , the e f f ec t s  of Brownian movement ( thermal  e n e r g y )  is  neg l i g i b l e .
Thus while  the equi l ib r ium model is a lmost  ce r t a in l y in val id in th i s  case ,
the fact that thermal motion is neg li gible sugges t s  that  a s t r a i g h t f or w a r d
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class ical  t ra jecto ry  anal ysis  (with viscous forces  included) might be all
that is needed to predict the initial distr ibution of part icles on the surface
of a magnetized specimen . To complete the anal ysis  of the dry  process ,
one mig ht then compare the v iscous  force exerted by the stream of air
used to remove excess part icle s , wi th the binding f orc es exer ted by
leakag e f ields to de termine th e dis t ribu tion of particles that remain
bound to th e specimen .

Turning now to the wet process , where the particles
are suspended in a medium with viscosity similar to that of water , the
energy  ratios listed aiDve show that the validity of the equilitrium model
depend s strong ly on the particle size distribution. While we were unable
to obtain definitive data on size distributions f rom suppl iers ,  one source
did tell us that most of the particles used in the wet process have major
dimensions  in the 2 hJ.m to 5 ~i.m range. If this is the case , then the energy
ratios indicate that the equilibrium model is prol~~bl y adequate as a f i r s t
approximation to the particle density in a static field. However , if we
are to test the validity of this model and extend it to the treatment of
pul sed or al ternatin g fields , it will be necessary  to develop a model that
accounts  for  t ime-dependent departures f rom equilibrium. One way that
this mig ht be done is outlined in Appendix B.

3. Magnetic Field Calculations

In Appendix A we outline a few of the many me thods
that one might use to predict the leakage field associated with a near
surface flaw . One of the simplest of these is the model proposed by
Zatsepin and ShcherbininU4) which , as we show in the Appendix , is based
on the assumptions of uniform pe rmeability and constant magneti zation
over the surface of the flaw. The resulting expression for the magnetic
scalar potential is

~ ~ ) = 
~~o (~~~~ + ~~! $ ~~~~~~~~~

where cQo is the potential associated with the app lied field , ~x is the
unit vector in the direction of magnetization (assumed constant), ~~~~ is
the unit normal to the surface at the point ~~~ ‘ on the surface of the f law,
M 5 is the magnitude of the magnetization at the surface , and the integral
is over a l l points ~~~ ‘ on the surface of the flaw. The corresponding ex-
pression for  the field s t rength is easil y obtained f rom the relation

11= -v ~
It would indeed be fo r tuna t e  if a model as simple as this

should prove to be adequate for  the anal ys is  of accumulated magnet ic
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particle densities. The model is , however , based on some ra ther  drast ic  ‘ 1

approximations and should therefore be subjected to extensive testin g by
comparisons with experimental data . Some work along these line s has
been reported , and the results obtained to date indicate that the model
works well in some cases but is deficient in others.

As an example , Novikova , et al , (15) per formed a
series of experiments with art if icial  flaws (slots)  in iron and steel and ,
from these data , derived a semi-empirical expression for the unknown
quantity M5 in terms of the permeabili ty and applied field strength . They
then demonstrated that with the value of M 5 thu s determined , excellent
agreement was obtained letween field strengths predicted by the equations
given above and experimentally measured field strength s.

Some of their data are shown in Figure 2. Here Hx is
the component of H in the direction of the applied field , whic h wa s para l lel
to the surface of the specimen , and H~ is the component perpendicular to
the surface. While this agreement is encouraging , it mu st be remembered
that the theoretical curve s in this case involve a semi-emp irical element ,
and this tends to leave open the question of how well the model will work
when applied to othe r materials and other types of flaws.

There have , indeed , been other comparisons with
experiment where the theory was found inadequate. In one case it was
shown that serious disagreement was obtained at points just below the
surface inside an open slot , and that it was necessar y to add another
term to the potential formula to account for  the nonvanishing divergence
of the magnetization (th e second integral term in Equation (4) of Appendix
A) in the region near the slot . (16) In still another series of experiments(6)
it was noted that the s t rength of the leakage field is sensitive not onl y
to the nominal permeability , 1.1 - B/H , bu t also to the d i f f e ren t i a l  perme-
ability , }L d dB/dH . Quite clearly,  th i s obse rv at ion cannot  be exp lained
with the Zatsepin-Shcherbinbin model which is based on the assumption
of constant permeability.

Still another di f f icul ty  with the simple theor y is
il lustrated in Figure 3. Here we show experimental  data obta ined at
Southwest Research Institute on the vertical component of the leakage
field associated with a test flaw in a hardened steel piston pin . The test
flaw was produced in the surface of the piston pin b y st r ik ing  a h a mmer
blow on a small diamete r cone -shaped hardened steel pin which indented
the surface.  Such a flaw not onl y is a physical  d i scont inu i ty  or non-
magnetic void , but also involve s plastic flow as the indente r f o r c e s
material to be displaced. As can be seen in the records of Figure 3,
the signature (near  the cente r of each record) is  a complex func t ion  of
the applied magnetic field:  s tar t ing at the top record  with the p iston p in
essentiall y demagnet ized and with the pis t on pin e s s e n t i a ll y near  magne t i c
saturation in the bottom record . (The si gna tur es outs i de th e midd l e  two
inches are caused by general  w o r k - h a r d e n i n g  f rom serv ice  and also end
e f f e c t s . )  Note in the f i r r ~t record tha t  the s igna tu re  (f r o m  l ef t  to rig h t )
f i r s t  peaks upward , has a small per tu rba t ion  near  the middle , peaks
downward , and returns to the baseline . This signature has a peak-to-
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LEAKAGE FIELDS FOR SLOTS IN STEEL (Ref. 15)

16

- - - - --

~

--

~

. ‘-

~

-

~ 

--



- -~~~~ 
- 

_________________ -~~ --- -- i --- - -—-~~ J’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

U~~~~~~~~ AVAfU 1~ COP_Y
uield-Amp s Sen sit ivi ty mv/cm

—

c..: ‘ ‘~‘ l ~~~ 
- -

~~‘~ 
t--l -~

; ~~~~ ~~‘ 
- . --l ’~ 

-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
I

- .‘.., II ;. ., ~
- . - - I :  . - .  ~ - - .  ‘ “- ‘ ,‘ V ~ ‘‘I’ ~ ~~~~~~~~ ~~~~~~~ I. ‘ i’ ’ ’~.4 

~~~~~~~~~~ 
.. _

~ 
—.‘ —II I I ii ) i I

..t. -~ i l l  ~ ~1 ,, I - , A II- .~ I- ~‘. ;,t, ;i ,’ i - i i .. .

I_i :,: I~I....’t .~~~
_ I •_ ,  - -~ -~~J .- - — ..i ~~~ t 

~ -1-’ - - ‘- -I. ~~ - . —

- 

-

~ I -1 J- Li- ~~~~~~~~~~4L4 4~ ~~~L4 L~ I J~4~L1i ~Pin No. 3

FIGURE 3. CHANGES IN MAGNETIC P E R T U R B A T I O N  SI G N A T U R E
AS INFLUENCED BY APPLIED MAGNEI ’IC flELI)

__-

~

_ _ _ _-

~~~~~~~~~~~~~~~

- --  



_____________________  X~ T ’ - ~~~~~~~~~~~~~~~~ ::1 ~~~~~~~~~~-z :  L....~~~~. ~~~~~~~~~ ~~i~~~~- — - 

T

peak amplitude of 62 my and a peak-to-peak horizontal  distance of four
divisions. By contrast the signature near saturation peaks downward
and then upward (opposite to the signa ture of the top record) ;  has a
peak-to-peak amplitude of 467 my and the peak-to-peak separation is
onl y one unit, yet the flaw , the pin , the experimental equipment , the
scan path , etc. , are identical with record one; only the magnetization
is changed . Obviously, the inspec t ion result s are no t a simple fu nc t ion
of the magnetization and therefore cannot be explained by the Zatsepin-
Shcherbinin model.

On the basis of comparisons with experiments such as
those just  described , it would seem that the major deficiency of the model
is its failure to account for variations in the permeability of the material
in the immediate vicinity of a flaw . Since experiments of interest  are
almost always conducted at magnetization levels where the permeability
is field-dependent , these changes in ~i are due , in part , to the spatial
variation of the field strength near a flaw. However, in the case of
fatigue cracks or other flaws where there is significant plastic flow in
a region around the flaw , the fact  that the magnetization characterist ic is
strain dependent introduces an additional complication. Thus it is quite
possible that corrections to the Zatsepin-Shcherbinin model will have to
account not onl y for  the field dependence of the permeability,  bu t al so f or
the strain dependence of the magnetization characterist ic.

One way that this might be done is described in
Appendix A under the heading “Correct ions  to the Surface Charge Model” .
The idea described here is an extension of the Zatsepin-Shcherbinin
theory that retains much of the simplicity of the orig inal model and yet
takes into account, in an approximate way,  the spatial and field depend-
ence of the permeability. Although this approach seems promising, it is
a new idea that will require fur ther  research .

Another approach would be to simply abandon the
Zatsepin-Shcherbinin model altogether , and rely instead on an adaptation
of one of the currently available magnetic field computer programs to the
prediction of leakage fields. While this is certain ly a valid approach , and
one that is worthy of fu r the r  consideration in the follow-on program ,
there are two very important reasons why we hesitate to recommend it.

First , as is evident from the description in Appendix A ,
computer programs that are capable of handling nonlinear magnetization
in comp lex geometries are necessarily quite complicated , expensive to
use, and, in the final analysis , provide little physical insight as to the
significance of the various parameters  involved in magnetic particle
testing. The second reason is that at the present time , since we have
no data on what const i tute s a detectable indication , nor do we have a
diffusion model that can tell us what e f fec t s  e r ro rs  in the leakage field
will have on the particle distr ibution , there is no way that we can determine
what accuracy is acceptable in leakage field predict ions.  It could happen ,
for  example , that a simp le extension of the Zatsep in -Shcherhnin th eory ,
such as that proposed in Appendix A , is all that one needs in the way of a
leakage model to consistentl y give correct predictions of detectability. On
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the other hand , further analysis might show that a more elaborate theory
is needed , in which case one would either develop fur ther  corrections to
the simple theory or , perhaps , abandon it in favor of a full - scale com-
puter model . The main point is , however , that l~~cause we cannot at this
time specify what accuracy is needed , there is no way to justify the use
of a comp lex mathematical model in the initial stages of the follow-on
program.

Given this situation, it seems to us that the best way
to proceed is to first find answers to questions regarding accuracy
requirements and then test flux leakage theories , beginning with the
simplest model, to determine what corrections , if any,  are needed . This,
then, is the central theme around which our recommended research plan
is structured. Details are given in Chapter III.

4. Magnetic Field Sensors

The final step in the evaluation phase of the present
program was to determine a suitable approach for measurement of flux
density in a material byan  external sensor . Methods examined involved
the use of Hall effect  generators , magnetodiodes , vibrating or rotating
coils, and eddy current techniques. Magnetodiodes, while useful in the
measurement of weak fields , do not appear practical in the present ease
because of their strong nonlinear response at field strengths of interest.  (17)
Vibrating or rotating coils were also eliminated because they are usuall y
difficult to use in complex geometries. (18) Edd y current  technique s , on
the other hand , appear promising since it is possible to obtain a flux
determination inside the material without effects  from stray magnetic
fields in the air. (19) It appears , however , that additional development
work is required on this technique primarily to determine the effects of
complex geometry on the calibration. This leaves , as the most s t ra ight-
forward mea surement approach , the use of Hall effect generators (Hall
probes) . ( 1)

To use a Hall probe for magnetic flux measurement  in —

a material , the probe would be placed close to the specimen surface and
oriented in a direction to measure flux tangential to the surface. The
magnitude of the tangential value would be multiplied by the specimen ’ s
permeability (B ~i.H ) to determine the flux density in the material .

One requirement that a Hall probe must satisf y in
this application is that the element be as close as possible to the surface
since , in the case of a sharp field gradient (such as is encountered at a
corner) ,  the field measured above the surface will l~ d i f fe ren t  f rom that
at the surface and thus the accuracy of tl~ internal field calculation will
be affec ted with liftoff.  Just how close to the surface the probe must be
will have to be determined by experiment.

Several commerciall y made probe s are  available which
have a minimum liftoff.  One pr obe (ZO) has an element size of 0. 120 x
0. 060 in. with a 0. 004 in l i f toff .  Sensit ivity is 0 . 06 V (Await ing

19 

A~KG

~ 

~~ - -.--- _



—~ — ~~~~~~~~~~~~~~~~ - -; - ~~~~~~~~- -~~~~~~~~~~~~~~~~
-.-- — -- ~~~~~~~~~~~~~~~ ~--~~~~~ —-- -

quote on price)~ Anothe r probe (21)  has a 0.030  in . diam~ ter  act ive
element with a l if toff  of 0 . 010 in . and sens i t iv i ty  C- . . Price is
$150 . A third probe (22)  con tains an element measur ing  0 . 078 x 0 . 187
with a liftoff of 0. 015 in . Price is $390 . Also available are nonencap-
sula ted ac tive element s measur ing 0 . 040 x 0 . 090 in . While these are
too f ra gile to be used in th is f orm , it may be possible to encapsulate
them with one end placed ver y close to the ed ge . Due to the relatively
large size of all the above elements,  measur ement e r ro r ma y be in tro-
duced since even if the element is adjacent to the specimen sur face , the
top por t ion of the elemen t will be measu rin g flux which is far  removed
from the surface .

SwRI has the capabilit y of manufacturing Hall probe s
wi th sensor elements measuring onl y 0. 001 x 0. 004 in . or 0. 005 x 0 . 015 in .
both with a 0. 010 liftoff . (Sensitivity is 0. 05 V While this l if toff

A~~KG
is somewhat greater  than that of commercially available probe s , the much
smalle r element size may r educe er r ors obtained with lar ger elemen ts .
Production of sevei-al SwRI probe s would require 6-8 man weeks .

- ; An evaluation was also made of techniques for  making 
Hhi gh r esolut ion measuremen t s of th e magne tic leakag e f ields a r ound c r ack s ,

as such measurements will be required in experimental phases of the
follow-on program . A survey of the l i terature showed that onl y speciall y
constructed Hall probe s(23) and vibrating wire loops were capabl e of
suf f icient resolution . The vibrating wire loop appears to be less desirable
due to the comp lexity of the vibrating mechanism.

Measurement of c rack  leakage fi elds would re quire  a
di f fe r en tia l probe arrangement  to eliminate effects  from the large app lied
field outside the specimen . For measurement of the normal magnetic
field component , the probe could be placed as close as 0. 000 5 in . to the
specimen sur face  and the two di ff erent iall y a r ranged  elements  mi gh t be
separated by 0 . 010 in . (This is the arrangement  used in several SwRI
studies of defect  leakage f i e l ds . )  For measurement of the tangent ia l
componen t a special probe sh ould be cons tru c ted wi th th e elemen t as close
as possible (0 . 010 in) to one edge. Oth erwise , pro L~ di mens ions  would be
identical to the normal component probe .

* Footnote:  V = volts , A = Ampe r es , KG = Kilog~iuss.
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Ill. RESEARCH PLAN

The final task in the present project  was the formulation of a re-
search plan leading to the development of a mathematical model for
predic tin g flux density requirements and instrumentation for measuring
flux densities.  In our anal ysis of research required for the development
of a mathematical model we concluded that there are three areas where
more wo rk is needed . These are (1 ) the definition of detectability
cr it eria , (2) the development of methods for  predicting particle distri-
butions in known fields , and (3) the development of a method for  pre-
dic t ing flux leakage fields associated with f laws.  A s far  as fl ux densi t y
instrumentation is concerned , it was suggested that the use of a Hall
probe to measure the tangential field strength at the surface of a speci-
ment of fers  the most convenient solution. It was also no ted , howeve r ,
that more experimental work is needed to determine if commercially
available probes are adequate. Our purpose , therefore , in this final
Chapter , is to define a sequence of tasks that will resolve existing un-
certainties and will result  in the desired mathematical model and flux
density instrumentation.

A . Possible Approaches to the Development of a Mathematical
Model

Before  present ing our recommended plan it is appropr ia te  to
review the various approaches that one might take in develop in g a model
of the inspection process.  In this section we will , t he re fo re , di scu ss
three general approaches , namel y, the purel y empi r i cal method , where
one relies entirel y on experimental data and statist ical  anal y ses , the
computer simulation method , where the entire process is modeled on a
dig ital computer , and what we will call the anal y tical approach , which
involves both theory and experiment.

In our comments on the advantages and disadvantages of these
approaches we have in mind , in part iclar , the large numbe r of pa r a m et e r s
that must be investigated in developing the model . As was not ed in the
Technical Discussion these include the following:

1. method of magnet izat ion
2 . method of par t ic le  applic ation
3. part icle  size dis tr ibut ion and magnetic  c h a r a c t e r i s t i c s
4. magnetic propert ies  of the specimen
5 . flaw type and geometry
6 . s t ray  field s due to i r r egu la r  geometry of the

specimen , surface s t ra ins , etc.

1. Possible Approache s

Empirical .  With this approach one would conduct
magnet ic  par t ic le  experiments on a large numbe r of specimens and a t t empt  

- 
-

to f i t  the resul ts  with a semi-empir ica l (phenomenological )  model. The
specimen population and method of exper imenta t ion  must  inc lude  v a r i a t i o n s
of all f a c t o r s  l i s t ed  above . This  is the approach be ing  pu r sued .  on a
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limited basis, by Kifer et al(6) .

Computer Simulation. This approach would require
the adaptation of an available finite difference program (or programs)
to the treatment of flaw leakage fields and the preparation of a stochastic
model of particle diffusion . It would then be necessary to check the
adequacy of the overall program by comparison with experiment.
Finally , one would perform computations for a large numbe r of specimens
and analyze the results as in the empirical approach .

Anal ytical. Here one would employ approximate
methods of calculation to determine the significance of each factor
separately as it effects  detectability. The results would be checked by
experimentation with idealized specimens, i. e. , with specimens designed
to check the assumptions and approximations used in the calculations.
Next , models that include combinations of factors would be constructed
and the results of calculations compared with experiment. The model
would be simplified by disregarding factors  that can be shown to play an
insignificant role in determining detectability. Thus , the final model
would treat onl y those variables that are important and would employ the
simplest calculational technique consistent with the required accuracy.

2. Advantages of Each Approach

Empirical. This is the most direct approach to generating
a data base for i~ a1 materials and flaws.

Computer Simulation. The computer method is ulti-
mately capable of the accurate solution of almost all problems in nonlinear
magnetostatics and particle diffusion (limited by compute r memoryand
cost constraints),  and offers  easier control over specimen parameters than
the empirical approach .

Analytical. This approach is likel y to substantially
reduce the number of situations that must be anal y zed by keeping as
variables onl y those parameters that are important. It is , therefore , the
most economical approach and of fe rs  anal ytical insig ht that may prove
useful in the interpretation of magnetic particle and other flux leakage
test results.

3. Disadvantages of Each App~roach

Empirical. Thi s approach is expensive because a
large number (probabl y hundreds) of specimens must be prepared and
character ized to provide a statistically reliable data base. Also , the
control of specimen character is t ics  and determination of those characte r-
istics is difficult .

Computer Simulation. Available programs must be
modified to accommodate the three dimensional , nonlinear problems of
interest  here.  However , the present  state of development of such
programs (see Appendix A) suggests that such modificat ion s will  pose
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serious computational difficulties.  Thus , this  approach may not be
feasible at the present time . In any case , it will certainly be expensive ,
though probabl y not so expensive as the purel y empirical approach . As
far as staffing is concerned , it requires personnel with extensive
experience in large-scale computer applications.

Anal ytical. This approach will prcbably require more
calendar time (but at a substantiall y lower level of effor t )  than other
approaches. It is also difficult to plan in detail Iecause the decision as
to how best to proceed at any given stage of development must be based
on the results of preceding calculations and experiments. It requires V
an investigative team with high levels of expertise in anal ytical , compu-
tational and experimental solid state physics; close coordination between
theorists and experimentalists is essential.

As we have alread y indicated , the large numbe r of
parameters , and existing uncertainties regarding the significance of these
parameters,  leads us to recommend the anal ytical approach , rather than
the empirical or computer simulation methods. Our specific recom-
mendations, including a task-by-task descri ption of the research plan ,
are presented below.

B. Recommended Research Plan

The recommended research program consists of two major
phases, one aimed at the development of a mathematical model of the
magnetic particle inspection process , and the other leading to the
development of instrumentation for  measuring flux densit ies in specimens - -

to be tested. In structuring the plan , our intent has been to concentra te
f i r s t  on those problems that relate to accuracy requirements ,  because th e
answers to such problems could provide a basis for considerable simpl i -
fication of the mathematical model . Thus , at least in the f i r s t  phase , it
is important that individual research tasks be performed in the order
indicated.

I

Phase I

The list of tasks that comprise Phase I is g iven in Figure  4 .
A description of each task follows.

1. Determine Particle Densi ty Requirements

The objective of this task is to define a detectable  indi-
cation in terms of some quantitative propert y such as the dimensions  of - 

-the indication or the number of accumulated par t ic les .  - -
-

In the case of f luorescent  part icles , it is likel y that
thi s can be ~ccompl is hed b y means of Michelson ’ s def ini t ion of v i s i b i l i t y ,
V,  which

= Imax - 1mm
Irnax - 1mm
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PHASE I

RECOMMENDED RESEARCH PLAN

1. Determine particle density requirements.

2. Develop particle diffusion model.

3. App ly diffusion model to the determination of
leaka ge field accuracy crite r ia.

4. Test simp ler leakage models b y comparison
with experiment.

0’

5. Determine significance of flaw geometry,  per-
meability and other test parameters.

6. - Develop corrections to leakage model.

7. Combine leakage and diffusion models.

8. Test combined model b y comparison with
magnetic particle experiments.

9. Conduct parameteric stud y to determine
inspection guidelines.

FIGURE 4. RECOMMENDED RESEARCH PLAN FOR THE DEVELOP-
MENT OF A MAT HEMA TICAL MODEL 
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where Imax is the maximum intensity in a luminous field and 1mm is the
minimum intensit y. Once the brig htness of a sing le f luorescent  pa r t i c le
is known one can relate the minimum and maximum intensi t ies  to
particle densities , thus completing the definition of V in t e rms  of pa r t i c le
density variations. With nonfluorescent  colored par t ic les  the s i tuat ion
is more complicated , because it involve s considerations of color
contrast , but probabl y can still be handled in much the same way.  In
either case , and regar dless of how one chooses  to def ine de tec tab i l i t y ,
it will be necessary to experimentally verify whatever criteria are
chosen by means of magnetic part ic le  tests .

2. Develop Particle Di f fus ion  Model

This is -ì major task that involves both theoret ical  and
experimental elements. The f i r s t  step (a) is a theore t ica l  development
while (b) involves comparisons with experiment.  If the d i f fus ion model ,
as orig inall y formulated , fai ls  to account  for exper imental  observat ions ,
it will then be necessary  to ref ine the model and repeat the compar isons
until sa t i s fac tory  agreement is realized. Some specific suggest ions
concern ing experimental  method s are given in A ppendix C.

( a) The objective of the theore t ica l  e f fo r t  is to
develop a method for  calculating accumulated magne t i c
particle densit ies in a given field H(~~, t) .  The f i e ld
should be typical of those produced b y su r face  flaws
and should include , in ad di tion , a stray f ie l d com-
ponent representa t ive  of leakage f rom minor  sur face
per turbat ions  such as sur face  roughness .  It wil l  also
be nece ssary to consider the effects of s t rong  but
slowl y - v a r y ing f ields due to lea kag e f rom ed ges of
the test  piece. Time dependence should inc lude  AC ,
DC and half -wave rectified fields.

(b) Next , one should verif y the adequacy of the
model by comparison with magnetic par t ic le  expe r i -
merits. It will be necessary  to experimentally
meas ure the components of H in the v i c in i ty  of a
sur face  flaw and at points above a f l a w - f r e e  su r face .
Experiments  should also include f ield measurements
and obser vations of accum ulated par t ic le  dens i t ies
wi th smooth and rough surfaces  ari d with f laws near
ed ges. The diffusion model will he cons idered
adequate if it can successful l y accoun t for  the de tec t -
abili ty of flaw s by the magnetic  pa r t i c l e  method .

3. Determine Accuracy  Cr i t e r i a

The in ten t  here is to de termine  the r a n g e  of v a l u e s  of
the parameters  that c h a r a c t e r i z e  the near  su r face  f i e ld  w i t h i n  w h i t h
magnetic par t ic le  flaw detect ion is assured . In SO d o i n g ,  ~~~~~~ w i l l  a l so
de te rmine  the accu racy  r equ i r emen t s  for  leakage f i e ld  p r e d i c t i on s . A~ a : n ,
both theore t i ca l  (a)  and expe r imen ta l  (b) work  is r e qu i r e d .
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(a) The first step would be to app l y the diffusion
model developed in Task 2 to the calculation of
acceptable ranges of values of flaw leakage f ields ,
leakage field gradients , ari d s t ray fields as a func t ion
of the method of magnetization (AC , DC or half-wave
rectified). Acceptable values in this case are  those
that result in detectable indications as determined
by the criteria defined in Task I.

(b) Next , one would conduct magnetic part icle
experiments as needed to verif y the conclusions
reached in (a).

4. Test Flux Leakage Models

(a) The f i r s t  step in this task would be to pe r fo rm
leakage field calculations for simplified models of
cracks and subsurface inclusions usin g the surface
charge model defined in Appendix A , as a function of
the near-surface flux densit y in a f l aw-f ree  reg ion .

(b) Next , one would experimentally measure the
leakage fields associated with artificial  defects
(slots), actual fatigue cracks and subsurface inclusions
as a function of the strength of the unperturbed flux
density.

(c) The final step would be a comparison of the
results obtained from Tasks 4(a) and 4(b) to determine
the extent to which the simple methods of calculation
are useful . Where discrepancies exist , additional
calculations and/ or  experiments would be performed
to determine the reason for the disagreement.

5. Determine Signi f icance of Tes t Parameters

On the basis of the calculated and experimental data from
Task 4 , i t  should be possible to determine the relative importance of flaw
geometry,  variable permeabil i ty ,  surface roughness , etc. in the determi-
nation of near surface fields. Also , one should attempt to estimate , on
the basis of these comparisons between theory and experiment , the errors
introduced b y the simp lif ying assumptions inherent in the surfa ce charge
model . In gene ral , the intent here is to determine where improvements
in the calculationa l model are needed.

6. Develop Correct ions  to the Leakage Model

(a) Based on the conclusions drawn in Task 5 , one
should next develop cor rec t ions  to the su r face  charge
model .
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(b) Afte r this  is done , leakage  f i e l d s  should bc
r ecalculated us ing  the improved model and ompa n~d
with the expe r imental  r e su l t s  obtained in Task 4 (b) .
The results of these comparisons  would then  be
an al yzed as in Task 5. If f u r t h e r  irnpxu vement s  are
needed , the re quired co r r ec t ions  should be developed
and the calculat ions and compar isons  w i t h  experi-
ment repeated.

7 . Combine Leakage and Dif fus ion  Models

Next one would combine the par t ic le  d i f fus ion  model
developed in Task 2 with the leakage model developed in Tasks 4 throug h 6.
The result will l~ a mathematical p 1ocedure  for  which the input data wi l l
be the nea r - su r face  flux density in a f l a w - f r e e  reg ion , the method of
magnetizat ion (AC , DC , etc) ,  the method of particle appl ication (dr y or
we t) ,  and whatever flaw geometry and materials data are required (thi s
will be determined in Tasks 4 through 6). The output will be predic t ions
of the near surface field parame ters  of signi f icance in a magnetic
particle inspection , the accumulated part icle dens i ty ,  ari d the detectabi l i ty
parameters  defined in Task 1. If the values of these detec tab i l i ty
parameters  fall within the acceptable range , as de f ine d in Task 1 , t h en
the model will indicate that the flaw is detectable , and that the value chosen
for  the flux density at the surface there fore  corresponds to an acceptable
level of magnetization .

8. Test Combined Model

The final  step in the development of the m a themat ica l
model is to ver i f y i ts  accuracy  in the prediction of detectabil i ty by com-
par ison  with the resul ts  of the magnetic particle experiments per formed
in Task 2 (b) .  Supplemen tar y exper iments ma y be per fo rmed  as needed
to f u l ly  check the re l iab i l i ty  of the model .

9. Parametric Stud y

Once it has been determined that the combined inathe-
ma t i ca l model y ields reliable predic t ions  of d e t e c t a b i l i ty  it should be
applied to the p r ed ic t ion  of f law de tec tal i l i ty  as a func tion  of the un-
per turbed  f l u x  dens i ty  at the sur face , f law type and geomet ry,  met hod of

magnet iza t io n , and the magne t iza t ion  c h a r a c t e r i s t i c s  of the m a te r i a l , for
seve r al t yp ical f laws in ma te r i a l s  of i n t er e s t .  F ina l l , the data  thus
gen erated m a y be assembled I !! t abu l a r  for m  to show a c t . eptab le  ranges  —

of flux desnit ies fu r  the f laws and m a t e r ia l s  c o n s i d e r e d .

This  concludes our plan f u r  Phase I — the  dev e l opm en t
tes t ing and applic atio n of a mathemat ic  i i  n lo( lel  t th t’ i n s p e c t  on proc t’ s s .

We now turn to the r ecommended  r e sea rch  plan  f o r  Phase  11 , whic h i s
aimed at the development of flux density i nst  r u v i - i c n t a t i~ n -
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P h a s -~ Ii

As was in dica ted  ea r l i e r , our evaluation of methods fu r
niea -- u r i x  the n e a r -s u r f a ce  flux densi ty in a specimen indicated that the
!nu ~~t eas i l y imp lemented approach would be that involving the use of a

p r o b e  to m e a s u r e  the tangential  field just  outside the sur face  to ~~
i n - ~’-o c tecl . it  the value of the i n t e r i o r  flux density is desired , then ,
h c c a t : 3e  the  tan r~t~al f ield is continuous across  the surface , one need
onl y mult i pl y b ’, t i e  ‘~c -r me ab i lmty to determine the tangential flux densit ’y
~flSi (i ’2 the spc( i I n C n .

fbe main  point  to be inve stigated in Phase II is , t h e r e f o r e ,
t h e  ae ci~ra~. y of the tangential  Hall probe method in determining in te r io r
f~u-: : s l t i e s .  One would hope that  commercial l y available probes will

~~ r o - -c  adequate , so that  no fu r ther developmental e f for t  is needed. Flow-
e~~er , bec~i t ~~e a ’- -~~i l a b l e  probe s have ra ther  la rge  sensing elements (20 ’ 22 ) ,
and , i.o the i ’ t t i i d e d  app l ica t ion , these probes mi ght be used in situations

-c  b ’  t j e ld  v a r i e s  si gn if icantl y over the area of the element  (e. g. , in
ea sur c - - t m t S  n ed r  a corne r of a specimen) , expe r imental tests  of the

t.hn i ar e  ‘~~-ede ( t . Our recommended plan fo r these  tes t s is descr ibed

1. Sen s o r  Selection

To min imize  e r ro r s  in t roduced  by the displacement  of
t 1tc ~-~en~~ihg  ele im r~t above the su r face , and by the averag ing e f fec t  of a
i:j r~~c ~,en:~ur  ar e~t , probes wi th  min imum l i f tof f  and minimum sensor
ar e a  ~-~~oul d he selected f rom among those commerciall y available.  To
m - a ;ur c  the n~ c r x i a i  f lux  dens i ty  fo r  comparison with the tangent ial

~~~~~ 
data it  wil l be necessa ry  to emplo y a second probe , posit ioned in

~rn ai 1 ho le  or sl ot located in the specimen nea r the su r f ace. The sensor
s~- i t - r l e d  f u r  th is  purpose may he e i ther  another Hall probe or a smal l

c - ’~ . In c~ther case , the overal l s ize of this flux densi ty  sensor should
b -  ~-~s smaLl  as possible , so that the d imensions  of the hole , whic h will
pe~~mrb t h e  f lux  at the  sensor , can be minimized.  As some p e r t u r b a t i o n

b .  - o l e  n o r  f i e l d  by the in te  n o r  sensor  is inevitable , it will be
riece s~~:i r y  to  app l y calcu la ted  c o r r e c t i o n s  to the flux dens i ty  value s thus
Oo~ di  fled .

2. Spec imen  Desi gn

Because the accuracy  of the tangent ia l  probe method
~~ i :~~~ - ‘. ~ to be i n f l u e n c e d  b y the method of magne t iz atio n , specimen

( 1 (1 p rn ;cab i l i t y , suc h parameters  should be varied in tes t ing
~o - n s u r s .  It is p a r t i c u l a r l y im por tant  that specimens be desi gned to
ac . o i i  i io d - t t e  t e s t s  in both u n i f o r m  f ie lds  and in regions where  the f ie ld
i s  com plex , s u ch  as nea r  a c o rn e r . I r r e g u l a r  cy l i n d r i c a l  specimens sudi
as h o .~e i L l u s t r a t e d  in Fi gures  5 and 6 should suf f i ce .

_ _ _ _ _ _ _ _ _ _ _ _
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3. ~~~~~~~~~~~ e nt S

E x p e r i m e n t s  w i t h  t an g e n t i al  p robe s and  i n t e r i o r  f l u x
d e n s i t y  sensors , such as a rc  i l l u s t r a t e d  in Fi g ur e s  5 and  h , shou ld  be —

p e r f o rm ed to t es t  the t an g e n t i a l  probe n ie thod .  In all  c a s e s ,  the  m a gn i  —

tude of m a g n e t i z i n g  f ield or c u r r e n t  should be va r i ed  to t es t  for  p o s s i b le
e f f e c t s  of f ie ld  dependent  p e r m e a b i l i t y .

C. Implemen ta t i on  of the R e s e a r c h  Plan

As is evident  f r o m  the p reced ing  d i s c u s s i o n , the  r e c nn i m cn d c c l
p lan is a major  e f f o r t  invo lv ing  severa l  t h eo r e t i c a l  and e x p e r i m e n t a l
r e s e a r c h  t a sks .  Also , because  a de t e rmina t ion  of the m a g ni t u d e  of some
tasks , such as the  development  of c o r r e c t i o n s  to the leakage  model , imist
await  the resu l t s  of preced ing  t a s k s ,  the level of e f f o r t  r e q u i r e d  is d i f f i —
cul t  to d e f i n e . It is clear , however , that  even if all u n c er t a i n t i e s  should
be easi l y resolved , the en t i re  p r o g r a m  will  be cos t l y.

Because we r ea l i ze  that  r e s o u r c e s  a r e  l i mit e d , and t h a t .
f o r  this  reason , it  is a l w a y s  d i f f i c u l t  to suppor t  r e s e a r ch  p r og r a m s at
the des i r ed  level  of e f f o r t , we have  g iv e n  som e thoug ht  t o  a l t e r n a te \ \ 0 y 5
in which  the r e c o nu n e nded  p r o g r a m  mig ht  be imp l e m ent e d . T hese  - &  r . ’
d i s c u s s e d  below.

I . Re co m m e n d e d  P rog ra m

f rom the s t and point  of e f f i c i e n c y ,  it  is  u s u a l l  be ~- it t ,

p r o v i d e  c o n t i n u i t y in any  r e s e ar c h  p r o g r a m . For  th i s  i-ca soa we 511 ’ st
that  the bes t  w a y  to implement  t h e  r ecomm ended r e s e a r c h  is to p l I ’ c i d l e
suppor t  f o r  a m i n i m um  of t w o  ~&~a r s a t  a m i n i nm i n  of 4 man vu , i  r s t o t a l
e f f o r t .  Wi th  th is  level of e f fo r t  we th ink  it is  r e a l i s t i c  to se t  as  a g a l
c omp le t ion  of all  t a sk s  in t h i s  plan . Howeve r , i t  should be r e a l i z e d  t i o i
the d i f f i c u l t y  of som e t a sks  is  u n c e r t a i n  at the p r e sen t  t i m e  and t h a t  n o ’  I - c

e f f o r t  may t h e r e f o r e  be r e q u i r e d .

2 . I n c r e m e n t al Sp~~~or t

As an a l te  r n a t i v c  to the r ecorun iended  pr o g r a i n  one
n l i g h t  eo i i s d cr  ,i o n e — v e a l -  p r o g r a m  at  a two m a n — y e a r  l e v i - i . In t h i s  - ‘ Sc
the ob j e c t i v e  would  be t h e  d- u rn plc tion  of the  I i n s t  f i v e  t i  sk s  in Ph ase  I a
a l l  of Phase II. The rca  son f o r  t h i s  p a r t i c u l a r  d i v i s i o n  ot  l i n t  is 1 . 1
a f t e r  comp l e t i n g  the f i r s t  f i v e  t a sk s  in Phase 1, a c c u r a c y  r i - c j u i i - c m c i, t s
f u r  the p r e d i c t i v e  model wi l l  h a ve  been d e f i n e d , and th e  n eed  i l l  r s p e c it
i m p r o v e m e n t s  in e x i s t i n g  models  w i l l  h a\ i - i n - e u  1 ( b ’ f l h i f l c d .  I w n  ~i t  t l , i i - -
p o in t  i t  shou ld  be p o s s i b le  to m a k e  r e a l i s t ic  c st  z i n , t t e s  ‘I t h e  e l I o t  j o

q ui r ed  t c o t l l J ) l c t e  t he  p r u g  ra in .

3 . M i n i m um E f f o r t

l i d - c au s e  we see no w ay  t o  r e du c e  tl ~e t o t a l  - I t  ‘ i t
1 ( 110  red  t o  a c h i e ve  the  l o n g —  r , i n e g o a l s  of t in -  p r o g i  u n ,  ,i  oh  - n i m un i

r t ~ th i S c 0 S I ’  W I  1111 ( 1 he d r I  i g r ai n  i n  o I .  I i i  - I I  - \ ci ‘ ‘ I  c l i  I 5
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r educed  and the  time f r am e  extended.  However , because  sc~. . r a l  y . - a r s

n a -~ He r e q u i r ed  to produce the des ired  r e s u l t s , one n i ay  wish  t o  pi 1 y

ex i s t i n g  models to the genera t ion  of in te r im guide l ines  f o r  f l u x  ~ t r ~~l t y

r e q u ir e m e n t s1  with the unders tanding  that  such r e s u l t s  a r c  t e n t a t i v e .

This  would ,  in our opinion , be a usefu l  addi t ional  s t e p ,  b e c au s e  e~~u s t

n( t h O l S  a r e  ce r t a in ly capable of pr o d u c i n g  b e t t e r - b e t  n i -h  r equ r e u i i t  ci

ban  -ir e  presen t l y avai lable .

In any case , r ega rd less  of how the p r o e r a l u i  ~s i i i i -

plemented~ there  are two f ac t o r s  that should , in our op in ion , h i ’ c ) u l s i d e r - d

es s e n ti a l . These are  the fol lowing:  (1)  the l e v e l - o f - e f f o n l  s ho u l d  be - I r L i e

enough to permit  consideration of all test  pa r ame te r s  tha t mig ht  i n f l n ’ i - c e

de t ec t ab il i t y ,  and should also provide for  compar i sons  of t h e o r y  and

t-~~p er i n ie n t .  (2 )  The schedul ing of tasks should be such  as t o  a l h , \ \  t i me

[ ‘ n  the anal ysi s  of a c c ur a c y  r equ i remen t s  and the d~~ter~n i n c t ion  of t 1 o-

- i g i i i l i c a nce of test  pa rame ter s~ be fo re  p r o c ee d i n g  wi th  f u r t h e r  ‘ie~~ei ’p-

- ~~- f l t  i f  the model .
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APPENDIX A

METHODS FOR THE CALCULATION OF MAGNETIC FIELDS

In this Appendix we review mathem atical  methods tha t  one ni igh :.
use to de t e rmine  the magnetic  field d is t r ibu t ion  in the v i c i n i t y at a f law
or other i r r e g u l a r i t y  in a magnet ized specimen. Because  of the  v t - n y
l a rge  number  of tedini ques that are app licable , to som e degree , to l l , c
problem at hand , we wil l  not attempt to desc r ibe  each method in de t a i l .
Instead we have chosen to discuss three ve ry  broad classes  of m~i t l c  -

mat ica l  models  and cite examples of thei r  applicat ion f r o m  t h e  l i t e r a t u re .

The f i r s t  class of techniques to l~ disc ussed com pr i ses  the so -
cal led “textbook° methods of solution . These c lass ica l  approaches
general l y lead to exact solutions to ra ther  ideal ized p rob l ems  and ar c ,
therefore , of l imited usefulness  in themselves for  p r e d i c t i n g  c ’ i r I ’p ~~m - N

f i elds  like those encountered  in magnetic  inspection problems .

Next we will descr ibe  approximate methods , at leas t on e  of \ v h j c  I ,
has alread y been applied with some success  to the anal y sis of l e ak a g e
f i e lds  a round  f l a w s .

The third and final c lass  of methods c o n s i s t s  of the v a r i t l u s
numerical techniques that have been applied to m a g n e t i c  f i e l d  pr o b i  -m s  -

Althoug h most of these ve ry  elaborate computer  p r o g r a m s  ‘cc r m -  de ’,- & -~~~~ct I
to aid in the design of magnets  in pa r t i c l e  a c c e l e r a t o r s  a n d  m i t - -. n - a l
mac h i n er y , many are equall y app l icab le  to the  p r e d i c t i o n  ‘ ‘ I  f l aw  l’ . I d a h - ,
f i e l ds.

A. Classical Meth od s

1. Di rec t  Solution of Poisson ’ s Equation
I

The methods that fall  in this c a t e g or y  a r c  t } ’ s e  t h a t
lead to exact  solutions to the scalar or vector  p o t e n t i a l  e q u a t ion  b y s e a  c i t  an

of va r iab les  or some equivalent  t echn ique .  Such so l u t i o n s  am - c l i n i t ’ - ’  to
few simple geometr ies  and can be applied onl y in l i n e a r  ( c o n s t a n t p’ in --
a b i l i t y )  p roblems.  Howeve r , r e c e n t  work  (d i scussed  be l ow )  i t i d h  t i c s
that  it may he possible to appl y these methods to t r a n~, f o n i ’ h t -d p o t e - i i ’ a l
equations in which the ef fec ts  of var iable  p e r m e a b i l i t y  ,ir e  a ( - c ( u n t .  i or
in the de f in i t ion  of the p otent ia l .

An in t roduc t ion  to such technique s can  he I ‘t i n d  j f l  a I n
any advanced text on e lec t romagnet ic  theo ry .  Examp les  an ’-

J. D . Jackson , ‘‘Classical  E l e ct r o d ynam ic  s .  l nh n  W i l i  v
and Sons , New York  (1962)

W. K. H.  Panofsk y and M. P h i l l i ps , ( l a s u , i c a l  i - h  ii r i . I v
and M a g ne t i s m ° - A d d i s o n — W i - I , ’ 1 , R i - t h i n g ,  ~L m s s . (
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~ i uu i i i . -r ous  examples , both in the text and in the e x e r c i s e s , a rc  g iv en in

W. R. Smyth e , “Stat ic  and D ynamic E l ec t r i c i t y” ,
Thi rd  Edition , McGraw-Hi l l , New York  ( l 968~

The r e c e n t  d evelopment r e fe renced  above is descr ibed  in a paper by S. C.
Zak y and S. D . T. Rober t son  in the fol lowing report :

°Proceedings of the Third Reno Conference on Magnetic
Fields ” , Engineer ing  Report  No . 46 , publ ished b y th e
Electr ical  Engineer ing Department , Univers i t y of Nevada ,
Reno , Nevada (Sept. 1971)

These au thors  show that in the case of var iab le  permeabi l i ty ,  the subs t i tu t ion

f ~~~~~~ 
= ~~~~~~~~~~~~~ ( 1 )

w h e r e  is the magne t i c  scalar  potent ial , l eads  to Poisson ’ s equat ion for
the t r a n s f o r m e d  p otent ia l  f . Thus

v2c ~ 7’M (2 )

w h e r e

= 7(g ) ç(~)~~
(
~

) 
(3 )

T h e y  then t r a n s f o r m  t h i s  v q u m a t  i on  i n t o  an integral equation f o r  ç w h i c h ,
t h e y  sugges t , an he sa l  ve (h  i n  the same way  as the i n t e g r a l  equat ion for
in t he l i n e a r  p r c ) h ) l  i - i n  - It mi g h t  a l S O  be poss ib le  to app l y other  clas si cal
met h o d s  ‘ ‘I s o l u t i o n , but  t h i s  has  y e t  to be invi~sti gated .

~~~. i n i a ge  Me thod s

The image  method  is  a ye cv d i r e c t  wa v to g -ne  r a t e
i — a .  I so lu t i on s  in  i - r t a m n  s i mp le ,~~- ‘ ‘ u i u i - t r h - s ,  a g a i n  w i t h  the - t s s u i i - tp t i on
of  ‘ - - s t m  i t  pc 1 T I  t i - - I  in  l i t  ~ . f i n -  c l as s  of probi  ems tha t  can be h a n d l e d  is
b r & i m -I e n e d  on s ide  r a b l y w h e n  the u n d u e  I e n h u n i que iS c om b u i ed  w i t h  & -omp l cx
p I t - i , t i ~~l ! 1 t ( t h t f l d S d e s cr i b e d  b e l o w ,

r
IILrikA 
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The image technique is d e s c r i b e d  in all t h r e e  of the

texts cited above. More detailed d i scuss ions, with n u m e r o u s  examples
may be found in

B . Hague , “The Principles of E l e c t r o m a g n e t i s m  Applied
to Electr ical  Machines t t , Dover , Nc-v. York  (196 2 )
Chapter IV.

L. W. Bewle~~, °Two-D imens ional  Fields in E l e c t r i c a l
Eng in ee r i n g ” , Dover , New York (1963) .  Chapter  5.

C. Complex Potential Methods

The classical  approach is l imited to two d i m en s i o n a l  pr o b l e m s
and re quires  that the potential be constant  on a g iven su r f ace .  This means
that an exact solution for  the flux in air  is possible onl y if the m n a g n c t i - ~. - -b
bod y has infini te permealil i ty.  H owever , as the re la t ive  p e r m e a b i l i t y
in fer romagnet ic  mater ia ls  is very  la rge , the r e su l t s  obta ined  l~ 4

assuming infinite permeabi l i ty  are  of ten  adequate , at l eas t  as a f i t - s t
approximation. Since the method can be app lied to a v a r i e ty  of r a t h e r
complex two dimensional geometr i e s , it seems l i k e l y tha t  the c l a s s i c a l  Fcomplex poten tial app roach will prove useful , at  leas t  in c h eck in g  the
accuracy of approximate methods . - -

An introduct ion to complex  p o t e n t i a l  i m m e t h o d s  is g ive n in
Chapte r 4 of the text by Panof sk y and Ph i l l i ps , w h i c h  w a s  ci te d ab , ’\ -~- .
For a more extens ive  d i s c u s s i o n  see the text b y B ew l e y  ( a l so  c i t e d  ab ove  1
or , for  a more advanced t rea tment , Part  Ill ui the fo l lowing  bo ok:

K. 3. Binns and P. V. L a w ren s om i , “Anal y s i s  a n t i  C on ip u -
tation of E lec t r i c  and Magnet ic  Fie ld  P r o b l e m s ’ , Pc r , t a n ~on
Press , New York  (1973)

Recent  extens ions  of the c lass ica l  approa h to t in-  a m m a l v  s i s  i f

two dim ensional fields have shown that it is pos sible to i n e l u d i -  the c i t e .  I s
of f ini t e and va r i able per meabi lit y ,  a l thoug h the a n a l v t i  so lu t e  - i i  of t h e
res ul t ing  equations has been at tempted in onl y a few s i m p le cases .
( Numer ica l  solutions will be d iscussed l a t e r .  ) The t h e o r e t i c a l  di.- v i - l o p m n e n t
is p r e sen t ed  in the fol lowing  a r t i c l e s :

K. Halbach , Nu c. I n s t r .  and M et h . m - - 1  - Z7~ ( l ” t - ~~) a m i ( 1  f - ~~
154 (1968) .

B. Ap p rox i m a t e  M e t h o d s  fo r  Co~~ j e x (b- , n i - t r o - ~

In t h i s  Sec t i on  we d e p a r t  f r o m  t h i -  u sua l f - r m n i I  a n d  m n , , t t  m d
i x i m i u t i e  ‘ n t ’ ap pr o x i m a t e  method , the  s u r f a ce  . h m  i- -ge ‘ c / . i t  - - - p i n —
S h c h i - r b i n i n  m n o d e i (  14), in sonic  de ta i l . The 1- c i s o n  I n  (h i t - i  i s  t h a t  (Iii. -
s u r f a c e  c h a r g e  model  i s  the s im ple st appr ox 1n ~ah  t h e o ry  ~m pp l i t . i h i  c I ’  -

co mp l t - x  14(- ’ i i m ( - t r i c s ,  and y e t  can f o r m  a b a s i s  on whh  h s~u e s si ’  i l v

~~ b et t e r a p p r o x i m at i on s  a r e  b u i l t .  In ou r  o p i i i ~ ni . t h e  m m s ~ - - t  t h i s  o~~~~i ’ - --
r n a t m v i m , w i t h i . - o n r e c t m i m n s  added a s  n i t , es s a t -  , I S  t i l e  i i , o S t  i - c t ’ i i ’ ’ t i i i t  m l
a pp roach  to so lv i n g  the  f l a w  leakage  p r o b l e m .
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The d e s c r i ption that  fo l lows wil l  be l imited to the case  w h e r e
the specimen is magnet ized b y an external  f ield (i . e. no currents flow
in the specimen)  because  th is  is the onl y case to which this pa r t i cu la r
approximat ion is app lied in the l i t e rat u r n . There is , h owe ver , no reason
wh y a simi lar  approximate  model cannot  be for mul ated in term s of th e
v e c tor  po tent ia l , which is n e c e s s a r y  if c u r r e n t s  f low in the specimen .

1. Sur face  Charge  Model

As is well known , one can express the magnetic scalar
or vector  potential  in t er m s  of s u r f a c e  and volume integrals  involving the
magnet iza t ion  f ie ld .  T h u s ,  if one can by some means estimate the magne-
t ization , an app roximate solution fo r  a bod y of a r b i t r a r y  shape can be
generated by d i r ec t  i n t eg ra t i on ,  if , for  example , one assume s u n i f o r m
magnetization of a certain value , then the expression for the scalar potential
reduces  to a surface  in t eg ra l  of the same form as the solut ion fo r  the
e lec t ros ta t ic  potential in the p resence  of a charged bod y. This is the
approach used b y Zatsepin and Shcherbiri in in their investigations of the
inf luence  of crack geometry  on the leakage f ie ld .  The theoretical  de velop-
ment , in a fo rm slightl y d i f f e r e n t  f rom that used b y Zatsep in and
Shcherbin in , is g i ven below .

The s t a r t i n g  p~~i~\t is the we l l -known  exp re s s ion  fo r  the
m a g n e t i c  s - a l a r  p o t e n t i a l  4~): - /

_ _ _  - (4 1

where is the potential  associa ted  with the app lied f ie ld , ~~ ~~ is the
magnet iza t ion  and .t t  is the normal  to the s u r f a c e  of the m a g n e t i ze d
bod y at the poin t  ~~‘ . The f i r s t  in t eg ra l  is over the sur face  of the spec imen
and the second is ove r its volume.

Thc f ie ld  s t r eng th  T~~ (~~~~) 
is m i n u s  t h e  g r a d i e n t  of the

p o t e n t i a l , i . e .

1-1 (~~ ) : - 

~~ 4~i (;c~) ( 5 )

and the m a g n e t i z a t i o n  can be w r i t t e n  ~ s

~~~~~

(Ll

~~~~

’A ’o 

~r~
(

~~
)
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where ~4-1)is the f ield dependent permeabi l i ty .  Thus  it  can he seen that
(4) is , in general , a nonlinear in tegra l  equat ion fo r  the unknown p o ten t i a l

In the genera l  case , where  the permeabi l i ty  var ies  with H , one
must  solve (4) numerical ly ,  i . e . , there is no known a n a l y t i c  s o l u t i o n
e v e n  in simple geomet r i e s .

Howeve r , if it is a s sumed  tha t  the p e r x n e au i ’n t v  (-an be
approximated b y a cons tant , then , f rom (6) ,

) ~~~~~ /4 ) Q

and the second integral in (4) vanishes.  If it is f u r the r  a s sumed  that the
ma gnet izat ion is constant , in both magni tude  and d i r ec t ion , on the su r f ace
of the specimen , then (4) reduces to

n ± 

~ -\ ~~~~~
_Tr (7 )

w h e r e  M 5 is the magnitude of the magne t i za t i on  and 
~~ 

is  a vu n i t  vecto r
in the d i rec t ion of magnet iza t ion .

Equation (7)  is what we call the s u r f a c e  c h a r g e  model
and is equivalent , in all  respects , to the model proposed by (atsep imi and
Shcherb in in .  It is a ve ry  simple formula to appl y because the i n t e g r a l
involve s onl y geometr ical  quantit ies , i. e. , it depends onl y on the shape
of the flaw. The onl y fac tor , aside f rom the known potential  4~

o, that
depend s on the s t rength  of the app lied field is the surface m a g n e t i z a t i o n  M 5.
In roost applications , where the p r imary  in te res t  has been in the shape of
the leakage field , and not i ts  magni tude , the value of M 5 is not needed .
On the other hand , in magnetic particle applications , magnitud e is im-
por~ant and some attention must  t h e r e f o r e  be given to t h e  d e t e r m i n a t i o n  of
M 5.

One mi ght  assume , for example , tha t  ti-ic m a g n e t i z a t i o n
is not appreciabl y a l te red  b y the presence of the flaw , in which case  M 5
is approx i m atel y equal to the magnet iza t ion  jus t  ins ide  the s u r f a c e  in a
f l a w - f r e e  region . Then , give n the value of the t a n g e n t i a l  component  of
the f i e ld  s t r eng th  (H t )  j u s t  ou ts ide  the s u r f a c e , an es t i m a t e of M~ w o u l d  be

M ~~- _ _ _ _ _ _

S ,j~ 
( 8 )
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H o w e v e r , as  th is  p a r t i c u l a r  e s t i m a t e  of Ni 5 h a s  not been tested by coin-
pa ni  son n- i th e xp e r i n i c -n t  or wi t h  mnor .-  a - .  n r a  i t . -  • ~.t l c u l a t i en s  , we have
i - m o bas is  for  j ud i~i n g  i ts u s e f u l ne as .

In Section II. D of th  t e n t  of t1 ’~ s r epor t , we d e s c r i b e
c o m p a r i s o n s  with exper iment  tha t i nd ica t e  th .i t , desp ite th e-  r a t h e r  d r a s t i c
a s sumpt ions  of cons t an t  pe rmeabi l i ty  and u n i f o r m  s u r f a c e  m a g n e t i z a t i o n ,
the  s u r f a c e  charge  model w o r k s  s u rp r i s i n g i ’, we- l i  in d e s c r i b i ng  the  m a jor
f e a t u r e s  of the  leakage  f ie ld  around s imula ted  c r a c k s .  ( 1 5 )  Deta i led
c o m p a r i s o n s  w i t h  experin-ient show , h o w e v er , that  the model is in need
of r e f i n e m e nt  as d iscrepancies  have been noted at points v e r y  close to
the s u r f a c e s  of s imula ted  c r acks.  (16)  Al so , because  the model is based
ott  the  a s sumpt ion  of u n i f o r m  magne t i za t i on, it is i n h e r e n t l y incapable  of
exp l a i n i n g  c e r t a i n  other  experimental  f a c t s , such as c h a ng e s  in the shape P’
of the leakage f ie ld  prof i le  as a funct ion  of m a g n e t i z i n g  c u r r e n t.

2 . Cor rec t ions  to the Sur face  Cha rge  Model

To improve the surface  cha rge  model one m u s t  avoid Uthe a3sumnpt ions  ‘) i constant  pe rmeabi l i ty  and w-t i f o r m  rnagne ti~~ation . Th i s
can be done by f i r s t  r e c og n i z i n g  that  the “ solut ion ” for  the magne t i c
p oten t ia l  in tc m i s  of the m a g n e t i z a t i o n  is not  rea l l y a solution , but an
i n t e g r a l  equat ion , because  the m ag n e t i z a t i o n  at a g iven p o i n t  in the
material depends on the field strength at that point and the field strength
depends on the potential . Thus , to solve the potential  problem with
var iab l e permeabi l i ty one m u s t  solve the  c o r r e sp o n d i ng  integral  equation
t O r the p o t e n t i a l . —

One v e r y  p r o m i s i ng  a p p r oac h  to the  so lut ion  of the
in t e gr .~J equ at . o n is based on the method of su ccess ive  approxinia t ions .
Wi th th is  approach , one f i r s t  ca lcu la tes , b y some approximate  method ,
the p otent ia l ins ide  the m a g n e t iz e d  bod y. T h i s  approximat ion  is  then
s u b s t i t u t e d  for  the unknown po ten t i a l  in th~ i n t e g r a l , and  the r e s u l t i ng
e xp n i - s s ion  is  eva luat ed  to genera te  a second , improved approx imat ion
t i  t he potent ia l . The process  is then repeated u n t i l  the potent ials
g e n e r a t e d  in success ive  i t e r a t ions  agree  to some p r e d e t e r m i n e d  a ccu r a c~ - .
E x p e r i en c e  wi th such i t e rat ive  solut ions  ind ica te s  that the number  of
i t e r a t i o n s  needed is of ten  ve ry  s e n s i t i v e  to the s t a r t i n g  app rox ima t ion .
Th us , i f  t h i . - i n i t i a l  ap p r o x i m a t i o n  h ap p e n s  to hr a v e r y  good a p p r ’) x i  -
mm - t a t t o o  t i ~ the e-x a t ,t  p o t e n t i a l , i t  m ay  happ en tha t  onl y one or t w o  i t e r a t i o n s
a r e  needed. T h e r e f o r e , whi l e  the appr i~. m a te  m e t h o ds  des ’. r i b e d  , t h , . v m -
may not be adequat ’ - in t h i c r n s e l v i .-s , t hey  m ay  prove  to be i nv a l u a b l e  in

c n i ~- r i  t i r i g  i n i t i a l  ap p r o x i m a t i o n s  fo r  u se  in a m  i t e r a t i v e  a l cu l a t i o i i .

A s an r ’ x a i  m j > I  • of IH iw t 1 ~s n pj  ‘ach m i  g u ì t  he app i i t - h
‘ o t  m & - c t n t i s  t o  t h e  /. m t s e p i n - - S h t ’ . h e r L . . i n  i i ’  d 1 , suppose  we l e t

( x )  he t h e  I p j i r e - : i r m c m t e  s o l u t i o n  g i ven  I ) - -  ( 7 ) .  T hen , f m - , i i ~ ( c ’ ) “c  ~~~~
~t l c u l a I i . -  t h e  l p p r u x m n i a t e  f i e l d  s t r t - :~~, t l -  -

Ii ~(x) -v ( ‘ i t
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and [r u i n  (6) the  a p u r c x i t i ’ i t ~ : r n :t n i . ’ t i ~’o t i ,’,

( i i ) )

If we subs t i tu te  this  func t ion  on the  ri ght  side of (4) and c a r r y  out the inte-
gra t ion , the result  will  be an improved estimate of the potent ia l  which we
mi ght call ~)2 (~~)~ The p roces s  can then be r epeated , if n e c e ssa r y ,  to
generate  stirl better es t imates  of

~~To eva lua te  the  volume in teg ra l  in (4)  one -n-,us t  c om pu t e
the d ivergence of M , which , a c c o r d i n g  to ( 6 ) ,  now involves  the f u n ct  oil
a(H (~~) ) as well  as H(~~) i t se l f . In p r i n c i p le , th is  causes  no d i f f i c u l t y .  o~
an elementa ry  calculation give s

= A
~~~~~~7~

j +*~~~1

( 1 1 1

in p rac  m -: e , h m ’ w e v c  r , i t  w i l l  probabl y be n - c s  so rv i
eva luate these d e r i v a t i v e s  n u m e r i c a l l y ,  -.i-h i ch  could cause p r o b l t - m i i s .

Thus as an a l t e r n a t i v e  to the s t r a i g h t f o r w a r d  app lica-
tion of (4) one m i t i g h t  f i r s t  d i v i d e  t h e  permeable  medium i n t o  a n u m b e r  of
e l e m e n t a r y  vo lumes  V~ and assul -a- t h a t  t he  p e r m e a b il i t y  i~ a c o n s t a n t ,

- - 
~i i , ins ide  each v o l u m e .  ~V i th t h i s  a s s u mpt i o n  (4)  ber  u t i l e  s

+ 
~~Z çM~~

) .
~~cs 

( l ~~~~ )

e

w h e r e  the i n t e g r a l s  in the sum a r -  ‘ ‘ye  r t h e  su r  l i c t . - s boun di  t i g  t h i t -  c i t - i t  n - u t a r v
vo lumes .  F r r ’ i i m  t h i s  p o in t  ~,I J  the  • - . i l t u i a t w n  n u l d  p r - i ’ .  ‘e d  , ,s  t n d i c o t e d
above , excep t  t ha t  the pt.- r m u i e a b i l  i t  i t - s  i i  wou ld  he a p p m o x i i i i a t ~ -d by  t h e
ave rage value of ~i(l I (~~) ) i n s  idc t u e  1’ th v ’ ’ i u n l c  .
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C . N u m n e r i v o ~ I’vlethods

If g r e a t  a i c u r a c y  is r e q u i r e d , and t is n e c e s s a ry  to a~~c o un . .
in d e t a i l , fu r  fl a x’- - g e o m e t r y ,  and the m ag n e t i c  f i e l d  and s t r e s s  dependence
of the p e r m -m i e - a b i l i t y ,  the- n the i t e r a t i v e  so lu t ion  d e s c r i b e d  above wil l  un-
doubtedl y r e qu i r e  the use of a l a r g e - s c a l e  d ib i L t i c o mp u t er . in such
cases one mi ght quest ion the need to gene ra t e  a good i n i t i a l  ap pr o x im at L ’t  -
to the potent ia l ;  i . e . , one mi ght a rgue  tha t  if a l a rge  con ip - -.t e r  is needed
then it is  best  to i g nor e  a p p r” x in . a t .~ s o l u t i o ns  and s impl y solve the
poten t ia l  pr o b l e m  d i r e c t l y b y a to t a l l y n u m e r i c a l  me thod . T h e r e  a r e
indeed many w o r k e r s  who hold th is  view and , as  a resul t , t he re  a r e
p resen t l y ava i lab le  s eve ra l  v e ry  sop h i s t i c a t e d  c o mp u t e r  p r - o g r a m i t s  f u r
solving the non l inea r  magnetos ta  t i c s  p r o b l e m .

-i a i l lu s t r a t e  t u e  i i i  u i~ n t .  at  apl i- OOc 1~ we ~~ ‘.1 vs  c m i  be ouc
r - x a m n p le , the -  m a g n e t i z a t i o n  v e ct o r  p ro g r a m  devel i p~ d by Ro be- r t s o m i  ari d
Ka rn lake  TI ~ ir s t a r t i n g  

~ m t  is the  l ob  l i ,wi f l~ i rt c  r~~l equ a t i o n ,
which  is eas i l y der i \  cr1 1mm tile- we l l  - k m i i wn i t  h . t i u n s h - i p  l - c t \ -\ - e en  the
u u t a g u i e t i  L ot i o n  v e c t o r  lvi and t h e -  ~ect e r  p -t cn t i a l :

- 
_____ _ _ _ _ _ _ _ _  

/ 

1 3 )

where  l; (x) i s  the  f l u x  d e n si t y due to the exc i t a t ion  f ie ld  a lon e , a u i d  ~~~~ is
the  r e l at  ye p c - r u t  t i - - i b i l i t y , ~ /~~i0. in the computa t ions  d e s c r i be d  b y
Robertson and K a r r u a k e r , Fi r v a s  assumed  c o n s t a n t ;  in our  d i s c u s s i on ,
h o w e  c r , we w i l l  a llo~v 11r to v a r y  with p o s i t i on , as  i t  dot s in the ge t ’ .  r -  ,
n o n l i n e a r  p r ob l e m . 

, -

N e x t  the ~ t-~’.- t o r  o p e r a t i o n  is c a r r i e d  out  and t he  y e- i  t ’ r  i n t - e i - : i i
t - q u a t u -  u t  is w r i t t e n  in comp onen t  f o r m . The u i t a g n e t i  zed m e d i u m  is t h e n
d iv id€ ;d  t n t , ,  N & - l e m e n t a r y  volumes ~~V j w h i c h  a r t -  a s s u m e d  to be s m a l l
t - noug h t o o t  the ui a 4 1n - t i -za t ion and pe r m e a b i l i t y  c ot  b e  a s s u m e d  c o n st a n t
i n s i d e  . 1  ch  v o l u me . Time i n t e g  ral  then  reduces  to a sum and one is  I e t i
w ith  th u -er  s e t s  of e q u a t i o n  s f o r  t he  c o m ponen t  s ot M . The X — .. > n l p u n e n
e q u a t i - i i t , f or  ex a mp le , is

— — 
I 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
+( (j )M~(~)]~Vj

= __ !_ �~‘1P 13 ( 1) ( l - ~ l

I
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where  the ~~‘ s and ~~‘ s a r e  f u n c t i o n s  of the coo rd ina t e s d e f i n e d  by R o b e r t s o n
an d Karmaker . This equation is then combined w i t h  the equat ions  fo r  M~~( i )

and M~ (i) to form a 3N dimensional m a t r i x  equat ion w h i c h  is solved b y an
in ter ative meth od fo r  a g iven choice of the p e rm e a b il i t i e s  ~ r ( i ) .  If v a r i a b l e
permeabi l ity is to be allowed one would then use t h i s  ii r s t  so lu t ion  for  M to
com pute the field s trength  in each v o l u m e , a c c o r d i n g  to

J4 -~= 
,/~~.l) ~~~ 

PA ( 15 )

and f rom this resu l t  de te rmine  a new set of p e -r m e a b i l i t i e s  ~ r( 1L The en t i i - e
process would then be repeated un t i l  s ucces s ive  e s t ima te s  of  M agree  to some
pre -de termined  a c c u r a c y .  The f i n a l  steps in the d e t e rm i n a t i o n  of the f i e ld
would the n be the calcula t ion of tha t  p a r t  of the  vector  po ten t i a l  due t o  the
magnet izat ion ,

( l u

followed b y the calculation of the f lux ,

—‘i3~ + Vx 4 ( ~~
) 

( 1 7 )

t
In a sample problem run b y the a u t h o r s  in w h ic h  onl y 10 v o l u m e

elements  were  cons idered , the computer  time requi red  to d e t e r m i n e  in
the 10 elements was about 5 second s , including compilat ion t ime , on an
IBM 360/65. However , th is  prob lem was run fo r  c o n s t a n t  p e r m n e t b i 1 it ’~. and
so did not re quire  the extra pe rmeab i l i t y in te ra t ions  desc r ibed  he re .  F m m
computer  time repor ts  b y othe r a u t h o r s ( 2 7 )  who used s i m i l ar  p r o g r a m s , i t
is estimated that a nonlinear  com putat ion would r equ i r e  Z to 5 minute s on a
com parable computer .

Other  p r o g r a m s  now in use , p r i m a r i l y i n  ma g n e t  des i gn app lu-
ca tions , we r e r ecen t l y rev iewed by C o l on i a s (2 7) , who p r e s e n t e d  the su m m ar -~
shown in Table A — i . Also of i n t e re s t  i s  t i ’ .- p r t i g r a m n  d e s c r i b e d  by l~~~ai i g
and Lord who used a va r i a t iona l  pm - inc  i p le i n v o l v i n g  t he vec tor  po ten t i a l . l b n -
app l ication of the i r  p rog ram to the stud y of I l - iw  I - a k  l m z i -  f i e l d s  is r epo r t ed
in the fol lowing paper:

J. H . Hwang  and W. Lord , “ M a g n e t i c  L ea k a g e  1- u e l d  
-

Signa tures  of M a t e r i a l  Di s’~- o n t i n u i t i c  s ’’ , P ro c . 10th
Symposium on NDE , S o u t hw e s t  P e s ea r & - h In s t i t u t e  ( 1 1 7 5 )

Another development of interest was r ep o r t ed  by I l a l b a ch  ( r t - f t -  renced in
Sec tion A of th i s  A ppend ix )  who has  extended the  p r o g r a m  POISSON , w h i t . h

41 
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TABLE A - i

COMPUTE R PROG RAMS FOR MAGNETIC FIE LD ¶

COMPUTATIONS (Ref . 27)

Method of Type ofName . RemarksSolution Grid

TRIM Finite difference Triangular , General purpose . Good agree—

Vector potential variable meat with measurements.

Two—dimensional simulation .

GFIJN Integral formulation None General purpose. Good agree—

Dipole magnetization meat with measurements. Two—

and three—dimensional simu—

lation.

MARE Finite difference Rectangular Good agreement with measure—

Two potential: inents. Fast. Less satisfactory

Sca]ar & Vector for highly saturated magnets.

-

MAFCO Analytic Two- or three—dimensional. No

(elliptic integrals) None ferromagnetic material allowed .

Generalized boundaries.
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compute s two-dimensional fields by a complex potential method , to the
treatment of nonlinear problems. Still other program s in use or under
development are discussed in reports  on the Reno Conferences on Magnetic
Fields (published by the Electrical Eng ineering Depar t ment , Un ive r s i t y  of
Nevada , Reno) and in the following articles: 

- 

-

I. Lucas, J. AppI. Phys 47 , 1645 (1976)

C. S. H oizinger , IEEE Trans.  Mag. 6 , 60 (1970)

D . 3. Kozakoff and F. 0. Simons , Jr . ,  IEEE Trans .
— Mag. 6 , 828 (1970)

A. M. Wi nslow , J . Compute r Ph y s l , 149 ( 1967 )

Finall y , the proceedings of a conference referenced by Col onias~
27

~ , but
not yet available , can be expected to contain the latest  developments in this
field. The refei~nce is

Proc. Conference on the Computation of Magnetic
Fields “COMPUMAG” , Ru the r fo rd  Labora to ry,  Eng land ( 1976)
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APPENDI X B

A MAGNETI C PAR TICLE DI FFUSION MODEL

The fundamental  equation that governs the diffusion of par t i  d e s
i n  an a r b i t r a r y  f o r c e  field is easil y obtained from the cont inui ty  equation ,
which iS~~

28
~

~~ 4~V~M~~~~Q ( 1 )

where
sf1. = 44 (5~, t) is the parti cle  dens i ty ,  and
a = a(x , t) i s  the  average par t i c le  ve loc i t y .

According to d i f f u s i o n  theory~
1
~
3
~~, the pa r t i c l e  cu r ren t  d e n s i t y ,  i . e .  , the

number of particle s per second passing throug h a unit  area normal  to
is given b y

( 2 )

where
/4 i s the particle mobi l i ty  (a constant) ,
F = F( x , t) is the force on a part icle  at ~~~~, t , and
D 1 s the dif fusion coeff ic ient  (also a cons tan t ) .

Substitution of (2)  in (1)  g ive s

~~~ 
--c

~v~~ ~~~~V4’t #,/4sv~V-~~ ~~c ( 3 )

which is the ti me-dependent  diffusion equation.

I n  the magnetic particle inspec t ion  problem we are c o n c e r n e d
with the diffusion of magnet ized par tid es under the inf luence of g r a v i t y ,
an inhomogeneous magne tic field fl (x), and , possibly ,  othe r fo rces
resulting from interparticle interactions. I n any case , as all of these
forces are conservative we can write

F(R,-t) _ “~7 1J (X,t )  ( 4)

where (J (x , t) is the potential ene rgy .  If  we choose the Z axis in the
vertical direction , the n , for particle s of mass m , volume v and sus-
cept ibil i ty  

~~( 
we have

2
L) (~,t)  — j~’Ar I-k~t ) ~ L)~(~~

t)  ( 5 )
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w here  U~x, t )  is the interpart icle  interact ion ene rgy ,  and g is the
acce leration due to gravi ty .

I f we let the Z = 0 p lane represen t  the surface of the magnet ized
specimen , then , beca use particles cannot pass throug h this  plane , the
solution of (3)  is subject to the condit ion that there be no part ic le  c u r r e n t
in the Z direct ion at Z = 0. Thus , from (2)  we have the boundary
condit ion

~~~~~~~ hi’i c = 
~~~1~~ o (6)

We seek an approximate solution of the di f fus ion equation
subject  to the boundary condition ( 6 )  for an a rb i t r a ry  fo rce field of the
form g iven b y ( 4) and (5),  in ter ms of an a rb i tr a ry  init ial  d is t r ibut ion
410(x) whic h is specified at the time t = 0. I n develop ing this solution
we will assume that the potential U is independent of time. Actually,
this poses no real r es t r ic t ion because U can al ways be approximate d
b y a t ime-independent  function for  short time intervals , and , as we
shall see later , the solution for  a time -dependent f ield can therefore
be gene rated b y successive app lications of the solution for  a time inde-
penden t field. . -

To generate an approximate solution we make use of the well -
known fact that when the syste m is in thermod yna mic equi l ibr iuru i , the
part ic le densi t y ~~( 28)

_~‘3U(~
)

cons tant ~ e
where /~ ~~~~~~ We therefore make the substi tution

f 1~L) (~~)
(‘I )f r ( (x~,t )~~ 9~’( y-)€-

and seek a solution for the unknown funct ion 4~(x , t ) .  The reason for
making this par t i cular  substi tution is that the equil ibrium solution (7)
suggests that if the syste m is near equi l ibr ium ~~ will be a slowly
vary ing funct ion of x. Thus , as we shall see short ly,  a f i r s t  orde r
app roximate solution can be obtained b y i gno r ing  terms c o n t a i n i n g
spatial derivat ives of c~~. For the present , however , we wil l r e t a in
suc h terms and der ive  an exact in tegra l  equation for  4 ) .

Substitution of (8) in (3) gives - -

( I n  de r iv ing  this equation we have used the E ins t e in  relation , ,Ji= /~~D ,
which follows easil y from (2)  and (7) ,  and the fac t  that the c u r r e n t
dens i ty  va nishes  in thermod yna mic equ i l i br ium ) .  From ( t i  and (8)
we have the bounda r y condi t ion
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= 0 
( 10 )

and the initial condition on is

( 1 1 )

From the mathematical theory of the conduction of heat in
solids ( see , for examp le , H. S. Carsiaw and J. C. Jaeger ,
“Conduction of Heat in Solids , ” Oxford U. Press , London (1959)
Chapte r XIV. ), we know that the solution of the equation

~~~~ .~~~ yç,z4, =
is 

G (~, ~~ t 
) 
4~o ~~~

‘)~~~ c’

where 4’Gt,t=o )

The Green ’s function G satisfies the homogeneous equation

(~~~~~~~~ 

— 1
~~~~~~~~~~~~~ )~~~~~~~~~~~~~~~~ ,~~~~~~~~~

t-t ’) 0 (12)

subject to the same boundary conditions as 4(~~~, t),  and also has the
property

, 9A~ . G( ~,~~~&-t ’) = £~~~~~~
-

~~~~

‘
) (13)

I t follows that if we can find a Green ’s funct ion for the problem
def ined b y (9), (10) and ( 11),  that the different ial  equation (9) can then
be rep laced b y the integral equation

47c~ t) ~, (~ ~~ 
t.) ~~ c~’) d~~

t 

çGc ~~~~~~~~~~~~~~~~~ 
( 14)
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A Green ’s function that satisfies (12)  and (13)

A1G s ~ Y r)  = _______

(~iri~~) ‘
~
-

However , as this function does not satisf y the condition

_ _ _ _ _ _ _ _  

( 1 5 )

&1 j11~°
we try instead the function

3/ _ jy-d — _ _ _ _ _

Gc~~2r) ~ [q7rt~cJ ~[e~ ~~~ + e ( 16) - 

r

where x” is the image point shown in the sketch below

1’

/
-. .111

/ ~x-)(

/

/
Now the condition (15) is satisfied but instead of (13) we have

~Q~~- Gc~M t -~’) ~c~- *‘) + ~~
(
~~-~~ “)

However , the second delta funct ion  doe s not ef fect  the result  if we l imi t
the volume integrals in (14) to the reg ion above the surface of the spe cimen
(i.e., ~~~~ ) . Thus , with G g iven b y ( 16 )  the integral equation for is
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c~~~~~~) c 
Gc~~~~~~ c~ó’P-3~”

~~ ~~~~~~~ ( 1 7 )

V

To obtain an approximate solution to (17)  we assume that the
system is near equilibrium and that ~~~~~ t) is therefore a slowly vary ing
function of position. Thu s

and
4. ~~~~ 

( 1 8 )

~
f>o

A better approximation can be generated b y subst i tut ing (18) in the
integral on the ri ght side of (17) and car ry ing out the indicated in tegra t ions .
In fact , a solution of any desired accuracy can be generated b y repeat ing
the process until successive approximations agree to the specif ied accuracy.

This formalism can be app lied to time dependent  field s as follows:

Firs t  divide the time scale of interest  into small intervals and rep lace

F(~~, t) and U(~,t) b y their average value s in each interval.  Thus , for

use the average force , F1(~~), in p lace of F(~~, t).  Then ,

s tar t ing with  the earl iest  time interval 0 .� ~~~ , calculate

(3 L)0(~ )e where U0 ( x )  is the average potential  in

- - 
thi s time inte rval. Next app ly (1 8)  (or a hi gher order i terated approxi-

mation) to de te rmine  4~x , t1) and thus ~fl(~t~) 4l~(i,t,) e.
To proceed to the next  time interval  use

- O0 f r V )
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and app ly ( 1 8 )  in the form

~ 1 ~~

to determine 4) in the interval t j  < t < t 2. This stepwise method of
calculation can then be repeated as often as necessary to cover all
times of interest .

Although the formalism outlined above is quite general , in that
it can be app lied to particle diffus ion in any conservative force field , a
comp lication arises when interparticle inte ractions are introduced.
This is because the potential energy  function U(~~) then depends on the
density ,I4(~~) and the diffus ion equa tion become s nonlinear. The usual
approach to the solution of such proble~~ s is b y iteration. Thus , one
f i r s t  uses tome approximate function M0(~~) to dete rmine an approximate
potential U0 (

~ ) • This potential is then used to calculate ~, new dens i ty
,~~t 1( ~~~~) 

whi ch is used to determine a corrected potential Ui(~
), and the

process is repeated until the difference betweer~ successive approximations
to 4’t(~~) is less than some predetermined allowable er ror .  This type of
calculation is howeve r , quite leng thy and requires considerable compute r
memory capacity. It is, therefore, advisable to seek an approximate
method for treating interpart icle interaction energies.  Such an inve sti-
gation lies beyond the scope of the present  project  but should be included
as part  of Task 2 in the follow-on program.
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APPENDIX C

EXPERIMEN TAL TASKS FOR AN INVESTIGATION OF
FLUX DENSITY DETERMINATIO NS

b y
William L. Rollwitz

Institute Scientist

It has been determined that experiments will be needed to provide
test data and proof data for the development of a mathematical model
pertaining to magnetic particle inspection. The particular experimental
tasks descr ibed in thi s Appendix are those pertaining to the simulation
of flaw leakage fields , the measurement of leakage fields , and the deter-
mination of magnetic particle characteristics.

A . Leakage Field Simulation

1. Magnetic Recording Methods

The problems(1)*encountered in the use of magnetic
wire or tape are in: (1) the process of magnetizing an extremel y small
volume of a thin material which has essentially the properties of a per-
manent magnet, and (2) the process of detecting the remanent flux in the
thin magnetic material. The magnetizing process is usually con.fined
to a very small area of the magnetic material throu gh the use of a
magnetizing head with a very small gap . A sketch is given in Fi gure C- i
of a magnetizing head held against a magnetic recording medium. The
current in the coil produces a magnetic field in the medium much like
circles centered in the gap. The graph in Figure C-2 is of the field from
the gap in the magnetic material as a function of distance from the cente r
of the gap. The high permeability of the core material restricts the
field in the material so that the longitudinal component of the field
(curve A in Figure C-2) is down by around 50% at the gap edge and down
by 96% at one gap width of distance from the center of the gap. The
vertical component of the field (cur ve A1 in Figure C-2) peaks at the
ed ge of the gap and then falls off very rap idl y. As the magneti c medium
moves past the gap, it will f i rs t  experience the magneti c field from the gap.
The magne tic field from the gap will cause an induction B in the magne tic
medium according to the values of its B/H loop. When the medium is
moved so that the region previously in the gap is now out of the magnetizing
field , then the magnetic induction, in the part of the medium moved , is
reduced to the remanence value . This process is diagrammed in Fi gure C - 3 .
As the si gnal or voltage app lied to the coil goe s from zero to a , the
induction in the medium , B , moves along the B/ H  loop (0 to A) in Fi gure C - 3 .
When the si gnal voltage move s from a to zero , the induction in the material
moves from a to a1 in Figure C-3, leaving the rernanent value of induction

*References for this Appendix are located on page 67.
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FIGURE C - I .  MAGNE TIZING SY STEM FOR . A MAGNE TIC MEDIUM
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on the medium. Thus , the signal a , b, c in Figure C-3 will pr oduce a
remanent magnetization a1, b1, C1, in the magnetic medium. There is
a demagnetizing (2 ) factor because the magnetized sections of the magnetic
medium are small. If the thi ckness of the magnetic medium is 80% of the
gap width, then the demagnetizing factor is 0. 5. This means that the
residual field in the magnetic medium is reduced b y one-half from the
remanent value.

The grap hs in Fi gure C-2 of the field intensity around
a gap show that, as one scans across the gap of a magnetic recording
head , the magnitude of longitudinal component, A , of the field will be
very small one gap length away from the cente r of the gap , reach a maxi-
mum at the center of the gap and then decrease to a ve ry  small value one
gap length beyond the cente r of the gap. The vertical component, A 1,
will be negative on the left side in Figure C-2, zero at the center of the
gap, and positive to the rig ht side of center.  The negative and positive
peak s of the vertical component occur just before and sli ghtl y beyond the
ed ges of the gap (see Figure C-2) .  These behaviors of the long itudinal
and vertical components of the fields from a magnetic recording head are
similar to the behaviors of the fields from a defect when a magne tic field
is app lied. Therefore , a magnetic recording head can be used to produce
a magnetic field which has longitudinal and vertical components similar
to those from defects.

4 The shapes of the cross-section through the magnetic
fields f rom a magnetic recording head are give n in the grap h in Fi gure C-4.
The solid lines are contours of equal magnitude of the longitudinal field
and the dashed line s are contours for equal magnitude of the vert ical  field.
The horizontal variable is the distance from the center along the x axis
normalized b y the gap width. The vertical variable is the d is tance  along
the y axis normalized by the gap width. As an example , a magnet ic
recording head with a 0. 5 mil gap can produce a field of 750 oer steds
at a distance of 0 .5  mils from the head with around 1.5 ampere -t i.irns~

3
~.

The grap hs of the vertical magnetic fields around a magnetic recording
head(4) are g iven in Fi gure C-5.  The gap in this case is 4 mil l i - inches
and the peak amplitude of the vertical field component is 300 oersteds.

As described previously,  the magnetic recording
medium has a remnant magnetic field in the magnet ic  mater ial  a f te r  it
passes over an energ ized magnetic  recording head. The grap hs of the
magnitudes of the verti cal component of the remanent  magnet ic  fields
in a piece of magnet ic  recording tape~

5
~ as a funct ion  of width (y d i r ec t ion)

and length (x direction), ar e given in Figure C-6. The si gnal recorded
was a series of pulses called “ones ” in the non-re turn  to zero (6)  mode
(NRZI). The fields are alternately positive and negative with a peak
rnagn tude of 200 oersteds.
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From the fo regoing disc’~tssion , it can be concluded
that magnetic fields with shape characterist ics similar to those produced
by defects can be obtained from either a magnetic recording head or a
p iece of magnetized recording tape.

2. Other Methods

Well characterized magneti c fields can also be
produced b y currents inside the magnetic material and outside of it.
We will f i rs t  conside r the case of a current  in air parallel to a plane
air- i ron boundary.

a. Field from Current in Air

A current is app lied in air a distance h
from the air-iron plane boundary as shown in Figure C-7. The per-
meability of the iron is 19 times that of the air. The method of images (7)

has been used to calculate the image currents i2 and i1 in Figure C-7.
From the image currents and the boundary conditions (H1T = H2T and
B1N = 

BZN ) the image current values can be obtained. These currents
are calculated from

= ~ 
- P i)  -i 1

i-’z + ~ i )  ( 1)  5!

where the currents are as described in Fi gure C-7 , i2 = -i 1 = 0. 9i.

When the current values are inserted into the
field equations, the grap hs of flux and equipotential values can be cal-
culated. The graphs of the fields are given in Figure C-8.

b. Field from Current  in Iron

When the current is applied through the iron,
the conditions are as in Fi gure C -9 .  The app lied current , i, is in the
iron, the image current in the air is i, and the image current in the iron
is i2. In this case

i2 = i )t1
2 

- P1 -i 1 ( 2)
( -‘z + )1~1)

When the permeability of the iron is 19 times that of the air , then
= 0. 9 i and and i1 = -0. 9i.
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The magnetic fields in the iron and in the air
caused by these three currents are graphed in Figure C-lU . The flux
lines in the air are circle s about the point of the sup plied current i.
The equipotential lines in the air are radial lines throug h i. Therefore,
the fields in the air above an iron surface, caused by a current in the
iron, are shaped like circles centered at the current. This result
should be readily applicable to the determination of an anal ytical field
whose strength is proportional to the current.

Another graph of the flux lines from a line
current in air but close to a magneti c medium is given in Figure C - l l ( 8 )
for the case where the relative permeability of the iron is 9. The lines
of flux in the air from the current in the iron are clearl y circle s centered
about the applied current.

In order to supply these currents, no conduction
is permitted in the magnetic material. This condition can be obtained
through the use of thin insulation around the wire . This slight gap will
need to be included in the calculation if the thickness is an appreciable
part of the distance h. - -:

B. Measuring Magnetic Fields

It is desired also to measure the magnetic fields from all
sources: the currents, the magnets and the defects . Such magne tic
fields can be measured with moving coils , and magnetic field transducers
which use the Hall effect , magnetic diodes , or magnetic resistors.

1. Moving Search Co ils(9)

A moving search coil has been used successfully to
measure the magnetic flux around a crack or defect. The princi ple is
demonstrate d b y the drawing in Fi gure C- 13 .  The voltage p icked up
b y the coil is equal to 10 8 NA t ime s the rate of change of the induction
in gauss per second. The voltage from the c oil , then , will be

E = l0 8 NA~~~. (3)

where N is the number of coil turns , A is the coil cross-sectional area
and B is the intensity of the long itudinal flux density or induction.
Because of the direction of the coil axis and the motion , the voltage
gene rated ig proportional to the rate of change of flux in the longitudinal
direction or paralle l to the surface of the coil. The tan gential flux
component does not induce a voltage in the coil for the coil path shown
in Fi gure C-13 .  Since onl y the change of longitudinal field (call that
the x direction) cou ples to the coil , then Equation (3)  can be writte n as
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E = l0 8 NA~~~ -~2E (4)

The rate of change of B with x is the slope of the flux curve of Figure
C-14. The rate of chang e of distance (x) with time is the velocity of the
coil. If the velocity is constant over the distance wherein the flux density
changes , then the voltage picked up b y the coil is

E = io 8 NA Ai~~~ . ( 5)

The voltage picked up b y the coil will be that shown as the search coil
output in Figure C-14. When the search coil output is integrated , the
flux density curve of Figure C-14 will be obtained. Therefore , the
curve of the long itudinal flux dens ity from a defect or current  could be
obtaine d b y moving a coil ho rizontally ove r the leng th of the field.

To measure the vertical component of the flux
density, the coil will need to be rotated 90° and moved across the
defect. The actual grap h of the flux densi ty versus distance will
again be obtained by integration.

For the case (9) described in Figures C-13 and C-14,
the search coil used had an outs ide diameter of 3mm, and a width of
1.5 mm. The coil was wound with 1000 turns of wire 0 .7  milli-inches
in diame ter. The coil was passed over the defect at a rate of 3 meters
per second.

To facilitate these measurements, the coil could be
vibrated at one position to determine the slope of the flux density
versus distance at one point.  The total curve could then be constructed
from the point-by-point  data .

It may also be practical  to attach the coil to a spr ing
and tri gger mechanism so tha t the coil is fli pped through the flux
density curve, re corded and processed to give the de sired flux versus
distance curve.

2. Fixed Search Coils

In the case of fields in magnetic tape , measurements  can
be made by moving the tape past a fixed coil. One report U °)  of such a
measurement used a s ing le turn coil plated on a glass slide . The sing le
turn was 1 .16  inch square and 1/64 inc h thick. The flux density  measured
had a peak value of around 30 gauss. The recorded si gnal was a sine wave
of 1 600 Hz and the tape speed was 30 inches/second.
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3. Search Coil Cons truction

For some time now, the NDE section of Southwest
Resea rch  Institute has be~~ construct ing very  small coils to detect  the
magnetic fields from defects. For thi s work , the test specimen is
usually moved or rotated under the stationary coil although there have
been cases where the coil moved. Because of these experiences ,
there are personnel with many years experience in winding ve ry  small
coils of 0. 5 milli-inch diamete r wire . It is possible and practical to
construct a multi-turn coil with an area of from one square millimeter
to one-quarter square millimeter. Turns numbering up to 100 may
be practical .

Square coils such as those jus t described can be used
to measure both the long itudinal and the vertical components of the leakage
fields around defe c ts .

4. Hall Probes

The Hall effect has also been employed~
4

~ to measure
the fields placed upon magnetic tape by the magnetic recording process .
Probes were constructed with a sensitive area of 10 microns b y 10 microns.
With these probes , fields of less than 0. 01 gauss were found to be measurable
using evaporated bismuth films for the Hall element. The probes had an
overall thickness of 1/32 inch while the Hall element plated on the substrate
was only two to twenty microns thick.

Southwest Research  Institute also has experience
with  the fabricat ion of deposite d film Hall probes.  Therefore , the ex-.
per t ise  and the experience are available to successfull y construct  Hall
p robes of ve ry  smaU size.

C. Measuring the Proper t i e s  of Magne tic Powders

There are particles with such wide and varied proper t ies
that i t  will be necessary  to determine the particle size d is t r ibut ion , the
particle shape dis t r ibut ion, the agglomeration p roper t i e s , and the mag-
ne tic p roper t ies .  For the magnetic proper t ies  it would be useful to
know the d is t r ibut ion  of the magnetic moments , the magnetic  an isot ropy
field and the B/ H  curve. These needs will be d iscussed in the following
paragraphs

1. Measuring Size and Shape Dis t r ibut ion

The size d i s t r ibu t ion  can be de te rmined  h wei g h ing
the amounts remain ing  in a ser ies  of sieves.  The numbe r of par t i c les  i n
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each size range can then be counted. An estimate can then be made of
the numbe r in each range which have shapes w ith a length-to-diameter
ratio of one to six. With these pieces of information, both the size
distribution and the shape distribution can be determined.

2. Wet Materials Concentrations

The ability or lack of ability for the part icles to agglo-
merate, whether dry or in a liquid , depends upon the concentration and
the magnetic propert ies of the particles. The concentration of particles
in the wet bath materials for magnetic particle inspection can be deter-
mined throug h a settling test in a centrifuge. The usual concentration for
the red and black particle s is 1.5 to 2 cm 3 of particles per 100 cm 3

total volume or from 1. 5% to 2% volume per volume. For the fluorescent
materials, the volume concentration of particle s is between 0. 2 and 0. 4 cm 3

per A- iO cm3.

3. Magnetic Propert ies

The Cotton-Mouton effect  has been used~
11

~ to
determine some of the magnetic properties of particles in solution.
The Cotton-Mouton effect is a change in the induced optical b i re f r ingence
of the liquid containing the particles caused b y the orientation of the
particles in AC and DC magnetic fields. An analysis of the field
dependence yields the following:

the average magnetic dipole moment
• the width of the d is t r ibut ion  of the di pole moment
• the magnetic anisotropy f ield
• the distribution of switching f ields

To perfo rm the measurements, the samp le is inserted
into the optical path as shown in Figure C- 15  and into the f ield of the
magnet M to be used for magnet iz ing .  The l igh t  beam f r o m  the source , L ,

I passes through a polarizing pr ism , P, the sample S, and a second po la r i z e r
A , to the detector  photocell , C. The in tens i ty  of the lig ht is measured  as
a function of the app lied field when the magneti c field is genera ted
f rom both direct  and alte rnating cur ren t  sources.

When the particle concentration is made low enough ,
the magnetic interactions between the part icles  is low. In a magnetic
field which orients  the part icles , the suspension becomes b i r e f r i ng e n t .
The measurement procedures are g iven in the referenced article and
need not be repeated here. It appears, from the data presented in the
paper, that high accuracy will be difficult to obtain because a value of
2 x ~~~ A/ r n  was theoretically expected while values of between —

0.8  x l0~ and 1 .5  x 10~ A/ r n  were measured.
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FIGURE C - 15 .  EXPERIMENTAL SET-UP FOR THE
COTTON-MOUTON EFFECT
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4. Hysteresis Loops 
- 

-

The hysteresis loop gives the saturat ion magnetization ,
the retentivity and the coercive force. A successful magnetic loop tracer
is described in Reference (12) ,  page 249. The drawing of the coil arran ge-
ment used is give n in Fi gure C -1 6 .  There is an exciting coil around the
samp le holding tube. There are also six coils around the exciting coil
which are mutual inductors that serve to: (1 )  measure the peak current  and
hence , the peak magnetizing force in the exciting coil , (2)  balance the air
flux in the p icku p coil , and (3) calibrate the vertical scale of the oscilloscope

- in kilogauss. Whe n properl y balanced and calibrated, hysteresis loops
can be obtained from wet or dr y magnetic powders inserted into the
samp le volume.
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